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Abstract 



The Lefschetz fixed point tlieorem follows easily from the identification of the 
Lefschetz number with the fixed point index. This identification is a consequence 
of the functoriality of the trace in symmetric monoidal categories. 

There are refinements of the Lefschetz number and the fixed point index that 
give a converse to the Lefschetz fixed point theorem. An important part of this 
theorem is the identification of these different invariants. 

We define a generalization of the trace in symmetric monoidal categories to a 
trace in bicategories with shadows. We show the invariants used in the converse of 
the Lefschetz fixed point theorem are examples of this trace and that the functori- 
ality of the trace provides some of the necessary identifications. The methods used 
here do not use simplicial techniques and so generalize readily to other contexts. 
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Introduction 



There are many approaches to determining when a continuous endomorphism 
of a topological space has a fixed point. One of the simplest is given by the Lefschetz 
fixed point theorem. 

Theorem A (Lefschetz fixed point theorem). Let M be a compact ENR and 
f : M —* M a continuous map. If f has no fixed points then the Lefschetz number 
of f is zero. 

The Lefschetz number of a map is defined using rational homology and so is 
relatively easy to compute. Further, if M is a simply connected closed smooth 
manifold of dimension at least three then a converse to the Lefschetz fixed point 
theorem also holds. 

Theorem B. Let /: M ^ M be a continuous map of a simply connected closed 
smooth manifold of dimension at least three. Then the Lefschetz number of f is zero 
if and only if f is homotopic to a map with no fixed points. 

Note that we have replaced 'the map / has no fixed points' with 'the map / is 
homotopic to a map with no fixed points'. This change only reflects the fact that 
the Lefschetz number is defined using homology and so cannot distinguish between 
homotopic maps. In particular, the Lefschetz number cannot determine if a map 
has no fixed points, it can only determine if it is homotopic to a map with no fixed 
points. 

Unfortunately, Theorem B does not hold if we remove the hypothesis that the 
space is simply connected. However, by sacrificing some of the computability we 
can refine the Lefschetz number to an invariant, called the Nielsen number, that 
detects if the map has fixed points. 

Theorem C. Let f:M—>Mbea continuous map of a closed smooth manifold 
of dimension at least three. The Nielsen number of f , N{f), is the minimum 
number of fixed points of any map homotopic to f. In particular, N{f) is zero if 
and only if f is homotopic to a map with no fixed points. 

The idea behind the Nielsen number is to incorporate information about the 
fundamental group into the invariant itself. This additional information corre- 
sponds to recording which fixed points can be eliminated by a homotopy of the 
original map. 

The Nielsen number is not the most convenient description of this information 
for defining generalizations of this invariant to other categories and for proving 
results about relationships between the Nielsen number and basic topological con- 
structions such as cofiber sequences or products. The invariant that retains the 
necessary information is called the Reidemeister trace. This invariant was defined 
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by Wecken and Reidemeister in [66, 56]. It can be used to prove a theorem similar 
to Theorem C. 

Theorem D. Let f:M^ M be a continuous map of a closed smooth manifold 
of dimension at least three. The Reidemeister trace of f is zero if and only if f is 
homotopic to a map with no fixed points. 

Classically, all four of these results were proved using simplicial techniques. In 
[16], Dold and Puppe proposed an alternative approach. Their idea was to focus 
on the identification of the Lefschetz number, which is a global invariant, with a 
local invariant, the fixed point index. It is immediate from the definition that the 
fixed point index is zero for a map that has no fixed points or is homotopic to a 
map with no fixed points. Using this observation, the Lefschetz fixed point theorem 
is a consequence of the identification of the Lefschetz number with the index. 

Dold and Puppe approached this identification by defining a more general con- 
struction that includes both of these invariants as special cases. Their construction 
is a 'trace' in any symmetric monoidal category. In some cases the trace is functo- 
rial. Dold and Puppe showed that the identification of the Lefschetz number with 
the index is an example of this functoriality. 

In addition to giving an alternate proof of the Lefschetz fixed point theorem, 
Dold and Puppe's definition of trace can be used to describe generalizations of the 
fixed point index to other categories. li f : X ^ X and p: X ^ B are continuous 
maps such that p o f — p we say that / is a fiberwise map. In [19], Dold defined 
an index for fiberwise maps and showed that the index is zero for a map that 
is fiberwise homotopic to a map with no fixed points. The fiberwise index is an 
example of the trace in symmetric monoidal categories. 

It is possible to prove results for the trace in symmetric monoidal categories 
that can be applied to the special cases of the Lefschetz number and the index. 
For example, the Lefschetz number and the index are both additive on cofibcr se- 
quences. This follows from the additivity of the trace in (some) symmetric monoidal 
categories, see [47]. 

Unfortunately, the trace in symmetric monoidal categories cannot be used to 
describe the invariants of Theorems C and D. Invariants that include information 
about the fundamental group do not fit into a symmetric monoidal category. How- 
ever, by replacing symmetric monoidal categories by an appropriate bicategory and 
similarly modifying the definition of the trace we can accommodate these invariants. 

Here we implement this philosophy. First we show that the Reidemeister trace 
is an example of a more general trace. This trace is defined here and is a trace in 
bicategories with some additional structure; these bicategories are called symmetric 
bicategories with shadows. Just as the Lefschetz number can be identified with the 
fixed point index, there is more than one description of the Reidemeister trace. 
There are generalizations of the fixed point index, defined by Reidemeister and 
Wecken, and of the Lefschetz number, defined by Husseini in [32]. Both of these 
invariants are examples of the trace in symmetric bicategories with shadows, and 
the functoriality of the trace can be used to identify them. There is also an invariant 
defined by Klein and Williams in [37] that can be identified with another example 
of the trace in a symmetric bicategory with shadows. 

Next we show that this change in perspective gives definitions and proofs that 
generalize more easily than the classical approaches. One element of the classical 
invariants that causes problems for equivariant and fiberwise generalizations is the 
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role played by a base point. Both classical definitions of the Reidemeister trace 
require that a base point be chosen, but a different choice of the base point does 
not change the invariant. Modified forms of the Reidemeister trace can be defined 
without a base point. We show that these invariants are also examples of trace 
in bicategories, and we use the formal structure of the trace to show that these 
unbased invariants can be identified with the classical invariants. 

The second source of problems for generalizations is only obvious when trying 
to prove a converse to the Lefschetz fixed point theorem like Theorem D. In [58], 
Scofield defined a generalization of the Nielsen number to fiberwise maps and gave 
an example that showed this invariant does not give a converse to the fiberwise 
Lefschetz fixed point theorem. More recently, Klein and Williams have defined a 
fiberwise invariant that does give a converse to the fiberwise Lefschetz fixed point 
theorem. 

Theorem E. Let M ^ B be a fiber bundle with compact manifold fibers F 
such that dim(_F) — 3 > dim(_B). Then a fiberwise map f : M ^ M is fiberwise 
nomotopic to a map with no fixed points if and only if the fiberwise Reidemeister 
trace of f is zero. 

There is another invariant, defined by Crabb and James in [12], that can help 
to explain the discrepancy between Scofield's invariant and Klein and Williams' 
invariant. The invariant defined by Crabb and James is a derived form of the 
Reidemeister trace and so in the transition from a classical invariant to a fiberwise 
invariant it is sensitive to information that the other forms of the Reidemeister 
trace, like Scofield's invariant, miss. Crabb and James' invariant can be identified 
with the invariant defined by Klein and Williams. Crabb and James' invariant, in 
both its classical and fiberwise forms, is an example of the trace in bicategories 
with shadows. 

More concretely, our goal is to convert Dold and Puppe's outline for proving 
Theorem A into an approach for proving Theorems D and E. Dold and Puppe's 
proof identified the Lefschetz number and the fixed point index and then used the 
observation that the index is zero for maps with no fixed points. Our first step is the 
same. We start by identifying the form of the Reidemeister trace defined by Husseini 
with Reidemeister and Wecken's form of the Reidemeister trace. Unfortunately, it 
is not obvious that Reidemeister and Wecken's form of the Reidemeister trace is 
zero only when the map is homotopic to a map with no fixed points. The next 
step in our proof is to identify Reidemeister and Wecken's form of the Reidemeister 
trace with Crabb and James' version. This invariant can then be identified with 
the invariant defined by Klein and Williams. Klein and Williams' proof in [37] then 
completes the proof of Theorem D. 

To implement this plan we need to make connections between four different 
invariants. The first three invariants are examples of the trace in bicategories with 
shadows. Functoriality gives an identification of the Reidemeister trace defined by 
Husseini with the Reidemeister trace defined by Reidemeister and Wecken. Functo- 
riality also shows that the Reidemeister trace defined by Reidemeister and Wecken 
is zero when the Reidemeister trace defined by Crabb and James is zero. The 
converse of this fact is not formal. 

In the fiberwise setting of Theorem E not all of the steps in our proof of The- 
orem D make sense. Here we only have two invariants, the invariant defined by 
Klein and Williams and the fiberwise version of the invariant defined by Crabb and 
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James. Klein and Williams' proof has an immediate fiberwise generalization and 
their fiberwise invariant can be identified with the fiberwise version of Crabb and 
James' invariant in complete analogy with the classical case. 

We could interpret these proofs either as category theory with topological ap- 
plications or as topological proofs that have a formal part. Here we will try to aim 
for the middle since, in reality, the category theory motivates the topology and the 
topology motivates the category theory. This balance is reflected in the structure 
of this paper. We start with some motivation from fixed point theory and cate- 
gory theory. Then we give reinterpretations of the fixed point theory that further 
suggests our definition of trace in a bicategory and the results that are entirely 
category theory. Motivated by these descriptions we define shadows and traces in 
bicategories. Using these formal results, we then give new proofs of some classical 
and fiberwise fixed point theory results. The last chapter returns to category theory 
and consists of further examples that are closely related to the topological examples 
given earlier. 

In Chapters 1 and 2 we recall the elements of topological fixed point theory 
that will be the motivation for much of the later chapters. In Chapter 1 we define 
the Lefschetz number and the fixed point index. We also summarize Dold and 
Puppe's results on duality and trace in symmetric monoidal categories and its 
applications to fixed point theory. In Chapter 2 we focus on the converse to the 
Lefschetz fixed point theorem. We define the Nielsen number and the two versions 
of the Reidemeister trace defined by Husseini and Reidemeister and Weckcn. We 
also describe Klein and Williams' proof of the converse to the Lefschetz fixed point 
theorem. 

Chapter 3 serves as a transition between the classical fixed point theory of 
Chapter 2 and the definition of trace in a symmetric bicategory with shadows in 
Chapter 4. Here we give alternate descriptions of the versions of the Reidemeister 
trace defined by Wecken and Reidemeister and Crabb and James that suggest the 
definitions of Chapter 4. This chapter does not contain rigorous proofs, which are 
delayed to Chapters 5, 6, 7, and 8, but instead makes it clear that the Reidemeister 
trace has many features in common with trace in symmetric monoidal categories. 

In Chapter 4 we define shadows in a bicategory and trace in a bicategory with 
shadows. We also prove some basic results about the trace and give some algebraic 
examples. In Chapters 5 and 6 we describe topological examples of duality and trace 
and show that the Reidemeister trace as defined by Reidemeister and Wecken and 
Crabb and James can be described using the trace in a bicategory with shadows. 
We also show that functoriality gives identifications of some of the forms of the 
Reidemeister trace. In Chapters 7 and 8 we show that many of the results of 
Chapters 5 and 6 carry over to the category of fiberwise spaces. 

Chapter 9 consists of examples of bicategories with shadows that either mo- 
tivate or are motivated by the topological examples in Chapters 5, 6, 7, and 8. 
While the earlier chapters can be read without these examples, some of the results 
and constructions we use in Chapters 5, 6, 7, and 8 have more straightforward 
analogues in Chapter 9. In the earlier chapters we will indicate when there is a 
relevant section in Chapter 9. Chapter 9 can be read after Chapter 4. 
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CHAPTER 1 



A review of fixed point theory 



This chapter and the next are primarily a review of the definitions and resuhs 
from classical fixed point theory that motivate the remaining chapters. This chapter 
also contains an introduction to Dold and Puppe's definitions of duality and trace 
in symmetric monoidal categories. 

The two invariants described in this chapter, the Lcfschctz number and the 
fixed point index, are examples of trace in symmetric monoidal categories. Since 
the fixed point index is zero for maps that have no fixed points, the Lcfschctz 
fixed point theorem follows from the identification of the Lcfschctz number with 
the index. This identification is a consequence of the functoriality of the trace in 
symmetric monoidal categories. 

1.1. Classical fixed point theory 

The Lefschetz fixed point theorem is a familiar result that relates a local, geo- 
metric invariant to a global, algebraic invariant. The algebraic invariant is the 
Lefschetz number. 

Definition 1.1.1. Let K he a. field and C^, a finitely generated chain complex 
of vector spaces over K. If / : C, ^ C* is a map of chain complexes, the Lefschetz 
number of /, L{J), is the alternating sum of the levclwise traces. 

Theorem 1.1.2 (Lefschetz Fixed Point Theorem). Let M he a closed smooth 
manifold and f : M ^ M a continuous map. If the Lefschetz number of 

f,:H,{M;Q)^H,{M;Q) 

is nonzero then f has a fixed point. 

Note that the Lefschetz number of the identity map is the Euler characteristic. 

Since homology is a homotopy invariant, we could replace the conclusion of 
this theorem with "then all maps homotopic to / have a fixed point." Additionally, 
we can use the integers rather than the rational numbers as our coefficients. The 
Lefschetz number of iJ, (/;Z) is defined and is equal to the Lefschetz number of 

To refine the Lefschetz fixed point theorem as described in the introduction we 
need another invariant, the fixed point index. There are many ways to define the 
index. We will use Dold's definition using homology and fundamental classes from 
[17, 18]. 

For a generator [5"] of Hn{S"; Z) = Z and any pair K C V C M", V open and 
K compact, there is a fundamental class 

[S"]k e HniV,V - K;Z) 
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around K. This class [S'"']k is the image of [5"] under the map 

Jf„(5"; Z) ^ if„(5", ^" -K--L)= H^iV, V - K; Z). 

Definition 1.1.3. [17, VII.5] Let V c K" be open and f:V^ R" be contin- 
uous. Assume 

F = {xe V\f{x) = x} 

is compact and let [S"]p be the fundamental class of F. Then If e Z, the fixed 
point index of /, is defined by If[S"] = (id — /),[5"]f where 

(id -/) : (V,V-F)^ (R", R" - 0) 

is defined by (id —f){x) = x — .f{x). 

The index is additive. If there are open sets Vi such that [jVi — V and 
{F n V^) n (F n V,) = for i ^ j, then E^/|v, = -?^/- The index is local. If 
F C W C V for some open set W, then If\w — If- The index is commutative. If 
F C M", F' C R™ are open sets and f : V ^ R™, g: V -^R" are continuous maps 
then 

U = f-^{V')-^R" and C/' = .g^H^) "^ R" 

have homeomorphic fixed point sets. If these sets are compact Ifg = Igf. 

If Y is any topological space and f7 C F is an open set which is also an ENR, 
then every map / : U ^ Y admits a factorization / = (3a where 

a P 

U ^V ^Y 

and V is open in some R". If Ff = {y G U\f{y) ~ y} is compact then the fixed 
point index lap of a(3: j3~^U -^ V C R" is defined and is independent of the 
factorization / — j3a. This number is defined to be the index of /. In particular, 
the index of an endomorphism of an ENR is well defined. 

Remark 1.1.4. The index is an invariant of homotopy classes of maps, so 
homotopic maps have the same index. Additivity, localization, commutativity, 
homotopy invariance along with an additional axiom, normalization, characterize 
the index, see [4, IV]. The normalization axiom ensures that the index agrees with 
the Lefschetz number. Alternatively, in [19, 5.1], a characterization of the index 
is given using a variation of the homotopy invariance axiom and a normalization 
axiom. 

Theorem 1.1.5 (Lefschetz-Hopf ) . If M is a closed smooth manifold and f : M —. 
M is a continuous map then the index of f, If, equals the Lefschetz number of 

The Lefschetz Fixed Point Theorem is a consequence of this theorem since if / 
has no fixed points the index is zero. There is a familiar proof of this theorem that 
uses simplicial homology, see [2, 9.6] or [29, 2.C]. We will describe an alternative, 
conceptual proof using duality in symmetric monoidal categories in the next two 
sections. 
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1.2. Duality and trace in symmetric monoidal categories 

This section is a summary of tlie results of [16] that we will generalize. Other 
references for this section include [41, III.l] and [46]. We will define trace and 
duality for any symmetric monoidal category, but our focus will be on examples 
in the category of modules over a commutative ring R and the stable homotopy 
category. 

Let "^ be a symmetric monoidal category with product ®, unit object /, and 
symmetry isomorphism 7. 

Definition 1.2.1. We say that A e o\f€ is dualizable if there is a _B e ob*^^ and 
morphisms 77: I ^t A®B, called coevaluation, and e: B® A ^ I, called evaluation, 
in '^ such that the following composites are the identity maps 

A = I ® A ^ A® B® A ^ A® I = A 

ids ®n . e®idR 

B ^B®I -^ B®A®B ^ I®B = B. 

We call B the dual of A and we say {A, B) is a dual pair. 

Note that any two duals of a dualizable object are isomorphic. 

Let i? be a commutative ring and Modi? be the category of i?-modules. Then 
Modfl is a symmetric monoidal category using the usual tensor product over R. 
The ring R thought of as a module over itself is the unit. The dual of a finitely 
generated free _R- module M is Homij(M, i?). This is also a finitely generated free 
i?-module. If M has basis {mi, m2, . . . , to„} and dual basis {m'l^m^, . . . , mj^} the 
coevaluation and evaluation for the dual pair, 

■q : R ^ M ®R Hom/j (M, R) and e : Homs {M,R)®rM s- i?, 

are i?- module homomorphisms given by e{(j),m) ~ (j){m) and by extending the 
map ?7(1) = "^^rrii ® m[. If M is a finitely generated projective module it is 
also dualizable with dual IIom/f(M, i?). The evaluation map is e{(j),m) = (j){m). 
The dual basis theorem implies that there is a 'basis' {toi, 7712, . . . , nin} of M and 
dual 'basis' {■m[,'m'2, . . . , rn'^^} of iiomji{M, R). The coevaluation map is given by 
extending 77(1) = ^^ rrii ® m[. 

Let Ch/j be the symmetric monoidal category of chain complexes of modules 
over a commutative ring R and chain maps. The dualizable chain complexes are 
the chain complexes that are projective in each degree and finitely generated. The 
dual of a finitely generated projective chain complex M is Homii;(M, R). 

Theorem 1.2.2. Let A and B he objects in "^ and e: B®A -^ I be a niorphism 
in '£ . Then the following are equivalent. 

(i) B is the dual of A with evaluation e. 
(ii) The map e/(-) : '^(C, D ® B) ^ <^(C ® A, D) which sends f : C ^ D ® B to 

/®id id®e 

C ® A ^ D®B® A ^ D® I ^ D 

is a bijection for all objects C,D ^^ . 

There is a similar characterization for a map 77: I —>■ A® B. 

We say that a symmetric monoidal category '^ is closed if there is a functor 

Hom: '^"Px'^^'i^ 
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and natural isomorphisms 

'^{A, Hom(B, C)) = '^{A ®B,C)= '^{B, Hom(^, C)). 

We have displayed two isomorphisms rather than just one for later comparison 
with bicategories. From these adjunctions, for all objects A and B in "^^ there are 
coevaluation and evaluation maps 

rj: A ^ Iiom{B , A (g) B) and e: Ilom{A,B) (g) A ^ B. 

There is also a natural map 

ly: C® Hom( A, B) ^ Hom(A, C (g B) 

defined as the adjoint of 

C (g) Rom{A, B)(g,A ^^^ C ® 5. 

Theorem 1.2.3. The following are equivalent for an object A of^. 

(i) A is dualizable. 
(a) The map ly; Aig Hom(y4, /) -^ Hom( A, A) is an isomorphism. 

We will call Hom(A, /) the canonical dual of A. When we used the dual basis 
theorem to describe the duals in Mod/f and Chji we used canonical duals. 

Definition 1.2.4. For a dualizable object A, the trace of f: A ^ A is the 
composite 

/ — ^ A(g) B ^ A(g) B ^ > B® A — ^ /. 



The trace is independent of the choice of dual for A. 

If '^ is closed the trace of an endomorphism / is any of the three cndomorphisms 
of / in the following commutative diagram. 

/ ^ Hom(^, A) ^ A ® Hom(^, /) ^ Hom(A, I) ® A 



/i81 



1®/ 



Hom(^, A) ^^ A ® Hom(yl, /) — ^ Hom(A, I) ® A — ^^ J. 

Let i? be a commutative ring and M a finitely generated projective i?-module 
with 'basis' {mi, . . . , mn}. The trace of a map of i?-modules /: M — > M is a map 
R ^ R and the image of 1 is 

^m'J{mi). 

i 

If i? is a field the image of 1 is the usual trace of / regarded as a matrix. For a 
map / : M ^ M of chain complexes, the trace is also a map R ^ R and the image 
of 1 is 

i 

the Lefschetz number of /. The sign comes from the sign in the symmetry isomor- 
phism. 

Let "^ and '^' be symmetric monoidal categories. A lax monoidal functor 
consists of a functor 



1.3. DUALITY AND TRACE FOR TOPOLOGICAL SPACES 5 

and natural transformations 

(j):FA(S)FB ^F{A(»B) and /' ^ FI 

subject to the standard coherence conditions. 

A lax monoidal functor is symmetric if the following diagram commutes. 

F{A) ® F{B) -^-^ F{A ® B) 

F{B) ® F{A) -^^ F{B A) 

Lemma 1.2.5. If A is a dualizable object with dual DA, F: '^^ ^ '^^' is a lax 
sym,m,etric monoidal Junctor, and (j): FA ® FDA -^ F{A ® DA) and V -^ FI are 
isomorphisms, then FA and FDA are a dual pair with evaluation 

FDA (g) FA -^^ F{DA ® A) -^^ FI = /' 



and coevaluation 



I' 9^ FI -^ F{A (g, DA) -^—^ FA ® FDA. 



This lemma follows from the definition of a dual pair. As an immediate conse- 
quence of this lemma we have the following corollary. 

Corollary 1.2.6. Let F: "^ — > '^' be a lax symmetric monoidal functor and 
A be a dualizable object of^ with dual DA such that (p: FA® FDA -^ F{A®DA) 
and I' -^ FI are isomorphisms. Then 

trace(F/) = i^(trace(/)) 

for any endomorphism f of A. 

The Kiinneth theorem implies that the homology functor satisfies the conditions 
of Corollary 1.2.6 if C, is a finitely generated chain complex of projective modules, 
the images of the boundary maps are projective, and each Hi{C^) is projective. In 
particular, the rational singular or cellular chains on a compact manifold satisfy 
these conditions. 

1.3. Duality and trace for topological spaces 

Duality for topological spaces is an example of duality in symmetric monoidal 
categories using the stable homotopy category. We will describe an equivalent 
definition that is more intuitive. For the perspective using the stable homotopy 
category see [16], [41, III], or [48, 15]. 

Definition 1.3.1. [41, III. 3. 5] Let X be a compact, based topological space. A 
based space Y is n-dual to X if there are maps ry: S*" -^ X AY , called coevaluation, 
and e: Y /\ X -^ S*", called evaluation, such that the following diagrams commute 
stably up to homotopy. 

5" A X ^^ {XAY)AX Y/\S^ ^^^ Y A{X AY) 

((TAid)7 

a: A S"" -r: — X A (r A a:) S"" a f ^-— {Y AX)AY 
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Here ct: 5" ^ 5" is a map of degree (—1)". 

For compact manifolds and compact ENR's we can explicitly describe dual 
pairs. 

Theorem 1.3.2. [16, 3.1] [41, III.5.1] 
(i) Let K C K." he a compact ENR. Then K-^- and the cone on the inclusion of 

W\K into R" are n-dual. 
(ii) Let M he a closed smooth m,anifold emhedded in M" . Then Mj^ and the Thorn 

space of the normal bundle v of M ^ M" are n-dual. 

As usual, M+ is M with a disjoint base point added. We will denote the Thom 
space of the embedding of M in R" by Tiy. 

Many of the explicit characterizations of dual pairs for topological spaces can be 
stated in this form. Compact ENR's are the natural generality, but compact mani- 
folds are the practical generality. Since the duality maps for manifolds are easier to 
describe, we will state most results in that form but there are also generalizations 
to compact ENR's. 

The coevaluation map for the dual pair (M+ , Tv) 

5"' -^Ti^^ M+A Tv, 

is the composite of the Pontryagin-Thom map for the normal bundle of the em- 
bedding M ~> S" and the Thom diagonal. Ii a: M ^ ly is the zero section, the 
evaluation map 

TvM\L+-. M+ A S*" ^ 5" 
is the composite of the Pontryagin-Thom map associated to a tubular neighborhood 
of 

M ^M xM'^^'^iyxM 
and the projection M+ A 5*" ^ 5*". 

Let {— , — } denote the stable maps of based spaces. From the characterizations 
of dual pairs in Theorem 1.2.2 and Theorem 1.3.2 we have the following corollary. 

Corollary 1.3.3. If M is a closed smooth manifold embedded in R" and Z 
and W are based spaces then 

{Z A M+, W} ^{S"^ AZ,W A Tv}. 

Definition 1.3.4. Let X be a space with n-dual Y and coevaluation and 
evaluation maps tj: S"^ ^r X AY and e : y A X ^ S*". If / : X ^ X is a continuous 
map, then the trace of / is the stable homotopy class of the map 

n fAid 7 g 

5" ^ X AY ^ X AY ^ Y AX ^ S"". 

By examining the explicit duality maps for a compact manifold M (or a com- 
pact ENR) we can see that for /: M — > M, 

index(/) = #„(trace(/+);Q). 

This is described in detail in [16, 18, 19]. 

Applying rational homology to the coevaluation and evaluation maps of the 
dual pair (M+ , Tv) we get a pair of maps 

r;: Q ^ ^ #,(Af+; Q) ® Hn-,iTv; Q) 



1.4. DUALITY AND TRACE FOR FIBERWISE TOPOLOGICAL SPACES 



and 



Y,Hn-^{Tv■M®H,{M^ 



Since these maps come from the dual pair (M+ , Tv) they are coevaluation and 
evaluation maps that make {Hi{M+] Q), Hn-i{Tv\ Q)) a dual pair. The trace of a 
map does not depend on the choice of dual pair, so the trace of _ff*(/+;Q) with 
respect to this dual pair is the Lefschetz number. Theorem 1.1.5 follows from this 
observation: 

index(/) = Lefschetz number of /. 

1.4. Duality and trace for fiberwise topological spaces 

We can also define trace and duality in the symmetric monoidal category of 
ex-spaces over a fixed space B. The objects in this category are spaces E with maps 
B —> E ^ B such that poa is the identity map of B. The map a is called the section 
and p is called the projection. The morphisms are maps E ^ E' that commute 
with the section and projection. The product is the internal smash product, Ab- 
Given two ex-spaces X and Y over B, we can form the puUback along the maps to 
B, X XgY , and the pushout along the maps from B, X V b Y- The internal smash 
product is the pushout 

XVbY ^X XbY 



B 



-^X ArY. 



Remark 1.4.1. For all ex-spaces we require that the base space and total space 
are of the homotopy type of CW complexes, the projection map is a Hurewicz 
fibration and the section is a fiberwise cofibration. The category of these spaces 
and the fiberwise homotopy classes of maps is equivalent to the model theoretic 
homotopy category of ex-spaces defined in [48]. See [48, 9.1.2]. 

If we need to consider an ex-space that does not satisfy these conditions we will 
replace it with an equivalent space that does satisfy our requirements. We will not 
indicate the replacement in the notation. 

Definition 1.4.2. Let X be an ex-space over B. An ex-space Y is n-dual to 
X if there are fiberwise stable maps 

77: 5" xB^XAsF and €:YAbX^S''xB 

such that 



5" AX 



r/Aid 



{X Ab Y) Ab X 



YAS^ ^^^ Y Ab {X Ab Y) 



XAS" -— - X Ab {Y Ab X) 



id A 



(crAid)7 

5* 



AbY^ 



eAid 



{YAbX)AbY 



commute up to stable fiberwise homotopy. 



This definition is very similar to the definition of n-duality in the category 
of based topological spaces. Using parametrized spectra, this definition can be 
expressed as duality in a symmetric monoidal category, see [16, 48]. We also have 
explicit characterizations of dual pairs similar to those in Theorem 1.3.2. 
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Theorem 1.4.3. [12, 11.12. 18][16, 6.1][48, 15.1.1] 

(1) Let L be an ENRb over a paracompact space B such that p: L ^ B is 
proper. Then i+ = LU B and the cone o/ (_B x M") \ L ^ i? x M" are 
an n-dual pair. 

(2) Let N he an ex-space over B that satisfies the conditions of Remark 1.4-1. 
Then N is dualizable as an ex- space if and only if p^^{b) for b ^ B is 
dualizable in the sense of Definition 1.3.1. 

In particular, if _E -^ i? is a fiber bundle with compact smooth manifold fibers 
the ex-space E+ is dualizable. 

The definition of trace for a fiberwise map is identical to the definition of trace 
for a map of based spaces. 

Definition 1.4.4. Let X be an n-dualizable ex-space over B with dual Y and 
f : X ^ X he a. fiberwise map over B. The trace of / is the fiberwise stable 
homotopy class of the composite 



Bx 5" 



/Aid 

^X AbY - — ^X AbY 



Y AbX 



-^BxS" 



When X is a compact fiberwise ENR over a compactly generated paracompact 
base space, this is the fiberwise Dold index of / as defined in [19]. 

Remark 1.4.5. There is a category ^ with objects ex-spaces over B as before 
but whose morphisms are pairs of maps fiE^E and fiB^B such that 




commutes. The category of ex-spaces is the subcategory of J? with the same objects 
whose morphisms are the pairs (/, /) where / is the identity. 

Fixed point theory in ^ and in the category of ex-spaces are very different. 
We will not discuss fixed point theory in ^; some references for it include [31, 39]. 



CHAPTER 2 



The converse to the Lefschetz fixed point theorem 



The invariants described in the previous chapter only give a converse to the 
Lefschetz fixed point theorem under additional hypotheses. The crucial assumption 
is that the spaces are simply connected. We can relax this assumption by changing 
the invariant. The Nielsen number and various forms of the Rcidcmcister trace are 
choices for this refined invariant. 

The Reidemeister trace, in any of its forms, is not an example of trace in 
symmetric monoidal categories. The reasons for this incompatibility will become 
clear as we define these invariants and compare different features of these invariants 
in this chapter and in the following chapters. 

Despite the many differences between the Reidemeister trace and trace in sym- 
metric monoidal categories it will also become clear that the Reidemeister trace 
can be described using a trace very much like the trace in a symmetric monoidal 
category. The structure suggested in this chapter and the next chapter is explicitly 
described in Chapters 4, 5, and 6. 



2.1. The Nielsen number 

To define the index we needed to assume that the fixed point set 

F = {xe M\f{x) = x} 

is compact; now we will also assume that it is discrete. All invariants discussed here 
are invariants of homotopy classes of maps so choosing a homotopic representative 
doesn't change the invariant. If M is a manifold, transversality implies that any 
endomorphism of M is homotopic to a map with a discrete fixed point set. 

Definition 2.1.1. Two fixed points of /: M ^ M, x and y, arc in the same 
fixed point class if there is a lift of / to 

/: M ^ M 

on the universal cover of M and lifts of x and y to x and y in M such that f{x) — x 
and j{y) = y. 

There is an equivalent definition of fixed point classes using paths in M rather 
than the universal cover. 

Lemma 2.1.2. Two fixed points x and y of f : M ^ M are in the same fixed 
point class if and only if there is a path a from x to y such that a is homotopic to 
f(a) with endpoints fixed. 
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We can give another interpretation of this lemma in terms of the fundamental 
groupoid, HM, of M. Let Fix be the groupoid defined by the equalizer 

id 

Fix ^ UM r HM. 

/ 

The objects of Fix are the fixed points of / and the morphisms are the homotopy 
classes of paths with [a] = [f o a]. If we think of the fixed points as a discrete 
category, this category includes into the category Fix. The lemma shows that two 
fixed points are in the same fixed point class if and only if their images are in the 
same connected component of Fix. 

Since the fixed point set is assumed to be compact and discrete, it must be 
finite. Let Fi, F2, . . . ,Fk be the fixed point classes of /. This is also a finite set, 
UFi = F, and F, n i^^ = if i 7^ j. 

Let / : M — ^ M be a continuous map with a compact and discrete, and hence 
finite, fixed point set. For a fixed point class Fi, let Vi be an open set in M such 
that Fi C Vi and Vi D Fj is empty if « 7^ j. Define the index of Fi, i{Fi), to be the 
index of f\Vi. Since the index is local this is well defined. 

Definition 2.1.3. The Nielsen number of/, N{f), is the number of fixed point 
classes with nonzero index. 

Theorem 2.1.4 (Theorem C). The Nielsen number of a continuous endomor- 
phism of a closed smooth manifold of dimension at least three is zero if and only if 
the map is homotopic to a map with no fixed points. 

The standard proof of this result uses simplicial techniques, see [4, VIII]. That 
proof shows that the theorem holds for simplicial complexes where the star of each 
vertex is connected. We will give a more conceptual proof in Chapter 6. 

The dimension hypothesis is necessary. In [34] , Jiang constructed an endomor- 
phism for any two dimensional connected manifold with negative Euler character- 
istic that is not homotopic to a fixed point free map but whose Nielsen number is 
zero. 

2.2. The geometric Reidemeister trace 

Using the fixed point classes and the index of a continuous map f : M ^ M 
we can also define the geometric Reidemeister trace. This invariant contains all of 
the information in the Nielsen number so it can also be used to prove a converse to 
the Lefschetz Fixed Point Theorem. 

Choose a base point * in M, a path C from * to /(*), and a path 73, from * to 
X for each fixed point x of /. The map that takes a fixed point x to the homotopy 
class of Jx^fi^x)C defines a function from the fixed points of / to the fundamental 
group of M. 

Definition 2.2.1. Let tt be a group and -0: tt — > tt a homomorphism. The set 
((tt'^)) of semiconjugacy classes of tt is the set tt modulo the relation a r^ (3atp{P~^) 
for a, f3 E t:. 

Using the path ( we can define a homomorphism (j): ttiM -^ ttiM by (j){a) = 
C~^fioi)C- The map from the fixed points of / to ttiM descends to a well-defined 
injection from the fixed point classes of / to {ttiM'^} that is independent of all 
choices of paths. 
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The paths C and ^x also define a map 

Fix^((7riM'^}) 
by X 1-^ ^x^jicix)^^ and the diagram 



Fix 



fixed points 



((^iM^ 

commutes. 

We let ^(ttiM"^)) denote the free abelian group on the set ((ttiM"^)). The injection 
above gives an identification of a fixed point class F^ with its image in((7riM'^)). 



Definition 2.2.2. The geometric Reidemeister trace of/, i?s"^°(/), is 

t{Fk) ■ Fk e niMM)^)). 



E 

Fixed Point Classes F^ 



The index of / is the sum of the coefficients in the Reidemeister trace. The 
Nielsen number is the number of elements in((7ri(M)'^})"with nonzero coefficients in 
the Reidemeister trace. 

Note that the geometric Reidemeister trace is zero if and only if the Nielsen 
number is zero. 

Theorem 2.2.3 (Theorem D). If M is a closed smooth manifold of dimension 
at least three, then the geometric Reidemeister trace of an endomorphism f of M 
is zero if and only if f is homotopic to a map with no fixed points. 

2.3. The algebraic Reidemeister trace 

We generalized the index to the geometric Reidemeister trace using the fixed 
point classes of an endomorphism. We can also use fixed point classes to generalize 
the Lefschetz number to the algebraic Reidemeister trace. 

The algebraic Reidemeister trace is based on a generalization of the trace for 
linear transformations to a trace for homomorphisms of finitely generated projective 
modules. We will define this generalized trace, called the Hattori-Stallings trace, 
first and then use it to define the algebraic Reidemeister trace. 

Let i? be a ring. A trace function T is a function from square matrices over R 
to an abelian group such that 

(z) liA,Be J(p-^p{R) then T{A + B) = T{A) + T{B). 
(a) li Ae -^pxqiR) and B e -^qxp{R) then T{AB) = T{BA). 
Then T{A) = ^, T{au) for A = (a,,). 

From a ring R we define an abelian group ((i?)) as the quotient of R by the 
subgroup generated by elements of the form 

rir2 - r2ri 

for ri,r2 G R- 
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Proposition 2.3.1. [62] The universal trace function, a trace function through 
which every trace function can be factored, is given onlx 1-matrices by the quotient 
map 

This extends to n x n matrices by .'^{A) = ^^ ^{aa) for A = {o-ij)- 

Let M be a finitely generated free riglit i?-inodule. Given any trace function T 
we can define a map T : End(A{f) -^ {R}. For eacfi endoniorpliisni (j) clioose a matrix 
A representing (j) and define 

r(0):=r(A). 

By the second property of a trace function tliis is well defined. 
We can also use a trace function T to define a map 

T: End(M) -^{{R} 

for a finitely generated projective right _R-module M. Let A^ be a module such that 
M © iV is a finitely generated free _R-module. If (j) is an endomorphisni of M define 
an endomorphism of the free module M ® N hy (j)®0. Then T{(f)) is defined to be 
T{(p © 0). This is independent of all choices. 

This description is given in terms of a 'basis' since it is defined using matrices. 
There is an equivalent definition of the universal trace function that does not require 
explicit use of the basis. For any right _R- modules P and M there is a map 

V. P®R HomK(M, R) ^ Hom^lM, P) 

defined by v{p ® <f>){rn) ~ p(j){m). If M is a finitely generated projective right 
i?-module this map is an isomorphism. 

Proposition 2.3.2. If M is a finitely generated projective right R-module, the 
universal trace function is the composite map 

Homi^(M, M) ^^ M ©_r Homi^(M, R) —^{{R} 

where 5(m </») = £^{(j){m)). 

The algebraic Reidemeister trace requires a generalization of the universal trace 
function. Before we can generalize the trace we need a more general target for a 
trace function. 

Definition 2.3.3. Let P be an i?-i?-bimodule. Then ((P)) is the quotient of P, 
as an abelian group, by the subgroup generated by elements of the form pr — rp for 
r E R and p E P. 

Let ^ : P ^ ((P)) be the quotient map. 

The generalization of the universal trace function is easier to describe when 
not explicitly using a basis, so we will generalize the description given in Proposi- 
tion 2.3.2. Let P be a ring, P be an P-P-bimodule, and M be a finitely generated 
projective right P-module. 

Definition 2.3.4. The Hattori-Stallings trace, tr, of a map f:M^M 'S>r P 
is the image of / in under the composite 

Homfl(M, M ©fl P) ^^ (M ©^ P) ©r Homij(M, R) -^ 
where S{m © p © (^) = 3^{p(t){m)). 
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If C* is a finitely generated chain complex of projective right i?-niodules, P 
is an i?-i?-bimodule, and f : C^ -^ C* ®i? P is a map of chain complexes, the 
Hattori-Stallings trace of / is 



Y.{-l)Mf^), 



the alternating sum of the levelwise traces. The sign enters since the evaluation 
map requires a transposition. 

The example of the Hattori-Stallings trace we are most interested in is the 
algebraic Reidemeister trace. To define this invariant we must first fix some con- 
ventions. Composition of paths in a space X is given by (/?, a) <—>■ (3a where a is a 
path from a to 6, /3 is a path from 6 to c and /3a is a path from a to c. This induces 
the group multiplication in ttiX. If we think of X as homotopy classes of paths in 
X that start at the base point * there is an action of ttiX on X from the right by 
X X TTiX -^ X, (7, a) 1-^ "fa. 

Let X be a finite connected CW complex. Pick a base point * in X. Then 
the cellular chain complex of X is a finitely generated free right Ztti (X, *)-module. 
A continuous map f: X ^ X is not required to preserve a base point, and so we 
define an induced map / on the universal cover by f{a) = ./(ct)C &'' some choice 
of path C from * to /(*). Define a group homomorphism 

4>: TTi{X,*) -^ 7ri(X, *) 

by (/»(«) = C^^f{a)C^. The map / is (/(-equivariant in the sense that 

for a G TTi{X, *) and -y <E X . 

Let Z7ri(X, H^)"^ be the Z7ri(X, *) — Z7ri(X, *)-bimodule that is Z'Ki{X, *) as an 
abelian group with the usual left action of 7ri(X, *) and the right action given by 
first applying (j) and then using the group multiplication. Then / defines a map 

.U : C,X ^ C,X ®z.rix,*) Z7ri(X, *)'^ 

and this is a map of right Z7ri(X, *)-modules. 

Definition 2.3.5. The algebraic Reidemeister trace of/, i?"'^(/), is the Hattori- 
Stallings trace of /* . 

Theorem 2.3.6. There is an isomorphism of abelian groups 

mMX,*)^))^iZ7r,{X,*)^} 
and under this isomorphism 

A proof of this theorem can be found in [25, 3.4] or [32, 1.13]. In Chapter 6 
we will give a more conceptual proof of this result. 

2.4. A proof of the converse to the Lefschetz fixed point theorem 

In [67], Wecken showed that for some finite polyhedra the Nielsen number of 
an endomorphism is zero if and only if the map is homotopic to a map with no 
fixed points. Shi [59] later proved a refinement of Wecken's result. These proofs 
used simplicial techniques. Similar techniques can be used to prove an equivariant 
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analogue of this result, but they are not as useful when trying to prove fiberwise 
results. 

Here we will present the main ideas of an alternative proof due to Klein and 
Williams from [37]. This proof gives the converse to the Lefschetz fixed point 
theorem for manifolds of dimension at least three and has fiberwise and equivariant 
generalizations. The details of the fiberwise version are in Section 8.2. The missing 
details in this section can be recovered from that proof. 

For their proof Klein and Williams translate fiberwise homotopy theory into 
equivariant homotopy theory using a loop group construction. They observe that 
their proof works equally well without this transformation and that it would be 
necessary to eliminate this transition to prove a converse to the fiberwise Lefschetz 
fixed point theorem. Here we present the main ideas of Klein and Williams' proof of 
the converse to the Lefschetz fixed point theorem using fiberwise homotopy theory. 

Proposition 2.4.1. [22][37] 

(i) Let X be a topological space and f : X ^ X a continuous map. Honio- 
topies of f to a fixed point free map correspond to liftings which make the 
following diagram commute up to homotopy. 

X X X - A 

.Tf 



X 



-^X xX. 



Here Tf is the graph of f . 
(ii) For a continuous map h: X 
fibration such that 




Z let r{h): N{h) 
^N{h) 



Z be a Hurewicz 



commutes and the map X -^ N{h) is a homotopy equivalence. There is a 
bijective correspondence between liftings up to homotopy in the diagram 

X 



Y 



-^Z 



and sections of the fibration g*N{h) -^ Y . 

This proposition converts a fixed point question into a question about sections 
of fibrations. We will define a fixed point theory invariant by defining an invariant 
that detects sections of Hurewicz fibrations. 

Let p: E ^ B he a Hurewicz fibration over a connected space B. The unreduced 
fiberwise suspension of E over B is the double mapping cylinder 

SbE := B X {0} Up £; X [0, 1] Up B x {1}. 
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The map p: E ^ B induces a map q: SbE -^ B which is also a fibration.^ Let 

i7_, cr+ : B ^ SbE 

be the sections of SbE -^ B given by the inclusions of i? x {0} and B x {1} into 
SbE. 

Proposition 2.4.2. [37, 3.1] Ifp: E ^ B admits a section then a^ and cr+ 
are homotopic over B. 

Conversely, assume p: E ^ B is {r + l)-connected and B is homotopically 
a retract of a cell complex with cells in dimensions < 2r + 1 . If (J- and a^ are 
homotopic over B, then p has a section. 

From this point we will work in the category of ex-spaces, rather than spaces 
over B. This means that all spaces over B have a section and all maps respect the 
section. In particular, SbE is an ex-space with section (t_. 

Let 5*^ be the ex-space over B with total space two disjoint copies of B. The 
inclusion of B into one of the copies of B is the section. The projection map is the 
identity on each component. Under the assumptions in Proposition 2.4.2, a fiber- 
wise version of the Freudenthal suspension theorem [12, 3.19] gives the following 
isomorphism 

[Sb,SbE]b ~ {Sg,SBE}B. 
The { — , — }b notation indicates fiberwisc (sectioned) stable homotopy classes of 
fiberwise maps. 

Definition 2.4.3. [37, 3.4] The stable cohomotopy Euler class of p is the 
element of 

{Sg, SbE}b 
that corresponds to the map (t_ 11 (T+ . 

For a continuous map / : M ^ M there is an associated fibration 

T){r{z)):T}{N{z))^M 

given by pulling the fibration associated to the inclusion 

i:MxM-A^MxM 

back along the graph of /. For this particular case we can give another description 
of the stable cohomotopy Euler class. Let A-^M = {7 £ M-'^|/(7(l)) = 7(0)}. 

Proposition 2.4.4. [37, 4.1, 5.1] There is an isomorphism 

{SIi,Sm{T){N{^))]m - {S\KfM+}. 

We will denote the image of (T_ 11 cr+ under this isomorphism by R^^ (f). 
If M is of dimension n then T*fN{i) ^ M is (n — l)-connected, see [37, 6.1,6.2]. 
If n is at least three then the corollary below follows from Proposition 2.4.2. 



If A : Np — > E^ is a lifting function for p with adjoint A define 

X: Nqx I ~* SbE 

by x({e, t), /3, s) = (A(e, 13, s), t) for (e, t) e E X (0, 1) and x{b, P, s) = b e B X {0} for b e B X {0} 
and similarly for b a B X {!}. Then the adjoint of Xi 

X-Nq^iSBEY, 

is a lifting function for q. See [27, 63] for similar results. 
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Corollary 2.4.5. [37, 10.1] If M is a closed smooth manifold of dim,ension 
at least 3, f is hom,otopic to a map with no fixed points if and only if R^^ (f) is 



CHAPTER 3 



Topological duality and fixed point theory 



In the previous chapters we recalled the definitions of some classical fixed point 
theory invariants. The definition we gave of the algebraic Reidemeister trace is 
very similar to the trace in the symmetric monoidal category of modules over a 
commutative ring. From the definition we gave in the last chapter it is less clear 
that the geometric Reidemeister trace resembles the trace in a symmetric monoidal 
category. 

In this chapter we will give another description of the geometric Reidemeister 
trace that will make the similarity with the trace in a symmetric monoidal category 
more clear. We will give definitions of duality and trace that resemble the definitions 
for a symmetric monoidal category and are also similar to the definition of the 
Hattori-Stallings trace for modules over a ring. These constructions will be shown 
to be examples of duality and trace in a bicategory with shadows in Chapters 4 
and 5. 

We will also describe an invariant, originally defined by Crabb and James, that 
can be identified with Klein and Williams' invariant. The definition of this invari- 
ant is similar to the geometric Reidemeister trace but it has two very significant 
differences. This invariant does not require a base point. We also replace homotopy 
classes of paths with path spaces. 

In this chapter we are mostly interested in the impact of these changes on the 
invariants that we have already described, but the changes are even more impor- 
tant for fiberwise invariants. For a fiberwise space choosing a base point would 
correspond to choosing a section and sections do not always exist. So fiberwise 
invariants need to be unbased. The change to path spaces reflects the greater va- 
riety of invariants for fiberwise spaces. In the classical case, the invariant defined 
by Crabb and James is only zero when the geometric Reidemeister trace is zero. 
These invariants have fiberwise generalizations that do not share this property. 

Since the techniques of Chapter 4 significantly simplify some of the proofs we 
will delay most of the proofs until Chapters 5 and 6. 

3.1. Duality for spaces with group actions 

In this section and the next section we will give an alternate definition of the 
geometric Reidemeister trace that is closer to the trace in a symmetric monoidal 
category. We first define duality for spaces with an action by a group tt. The 
motivating example of a space with a group action is the action of the fundamental 
group of a manifold on the universal cover by deck transformations. In the next 
section we use this definition of dual pairs to define a trace. This trace is similar 
to the Hattori-Stallings trace. 

There are two important observations about the duality defined in this section. 
First, this duality is more similar in perspective to the duality defined by Ranicki 
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in [55, 3] than to duality in the symmetric monoidal category of G-spaces for some 
group G. Second, despite the action of the group tt, this duality is used to study 
classical invariants, not equivariant ones. 

Let TT be a discrete group. For a based right 7r-space X and a based left 7r-space 
Y , let X y denote the based bar complex B{X, tt, Y). 

The bar complex B{X, tt, Y) is the geometric realization of the simplicial based 
space with n simplices 

X A (7r")+ A Y, 
face maps 

do{x,gi,g2,---,9n,y) = {xgi,g2,. . . ,gn,y) 
di{x,gi,g2,---,gn,y) = {x,gi,. . . ,gig^+i,. . . ,gn,y) for < i < n 
dn{x,gi,g2,...,gn,y) == (a;,gi, . . . ,g„_i,5„y) 
and degeneracy maps 

Siix, gi, g2, ■ ■ ■ , g-n.y) = [x, gi, ■ ■ ■ , gi,e, gi+i, ■ ■ ■ gn,y)- 

If Z has left and right actions by tt then i3(X, tt, _B(Z, tt, F)) is isomorphic to 
B(B{X,TT, Z),Tr,Y). Also, B{X,TT,Tr+) and X are equivalent, but not isomorphic, 
as right 7r-spaces. 

We think of B(X, tt, Y) as the homotopy coequalizer of the maps 



XAn.AY: 



:t:X AY 



where the maps X An^ AY ^ X AY are the action of tt on X and tt on F. We 
will denote the actual coequalizer of these maps X A^Y. 

We use a homotopy coequalizer to define so that the result has the correct 
homotopy type. Alternatively, we could make assumptions on the actions of tt so 
that the bar resolution is equivalent to X A^^Y. This will be the case in the examples 
we consider. 

Lemma 3.1.1. [44, 8.5] If t: acts principally on X and effectively on Y then 
B{X, TT, Y) is weakly equivalent to X A-^ Y . 

Let if be a based space (without an action by tt). Then V^iiT, the wedge 
product of copies of K indexed by the elements of tt, has left and right actions of 
TT given by permutations of the factors. 

Definition 3.1.2. We say a based right 7r-space X has n-dual y if F is a based 
left TT-space, there is a map tj: S"' ^f XqY and a tt — tt equivariant map e: Y AX — > 
Vtt'S'"' such that the diagrams below commute up to equivariant homotopy after 
smashing with S*™ for some ?ti G N. 



5" A X ^^ {XQY)AX 



Xq{Y AX) 

id0e 



id Arj 

r A 5" ^ Y A{XQY) 



(CTAid)7 



a: AS"" 



■a:0(v^5") 



S'"Ar- 



((yAA:)0r) 

e0id 

(v.5")0y 
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The map ct: S*" ^ 5*" is a map of degree (—!)"• If F is the dual of X we say 
that (X, Y) is a dual pair. 

Not many 7r-spaces are dualizable in this sense. For example, Let cr be a 
nontrivial subgroup of tt. If the tt space (7r/(j)+ was dualizable with dual Y there 
would be a 7r-7r-equivariant map 

e:Y A (7r/cr)+ ^ V^S'" 

for some integer n such that the diagrams in Definition 3.1.2 are satisfied. Since e 
is a TT-TT-equivariant map its image must be the basepoint of V.n-S'". 

Let M be a smooth compact manifold with universal cover M, quotient map 
tt: M —> M , and normal bundle i>. 

Lemma 3.1.3. For a closed smooth manifold M, M^ is dualizable as a right 
TTiM space with dual T'k*v. 

Let S'^ be the fiberwise one point compactification of the normal bundle of 
M and M -^ 'k*S^ be the inclusion as the points at infinity. Then T'k*v is the 
pushout of the maps M -^ tt*S'^ and M -^ *. We use T since we want to suggest 
the Thom space in analogy with the duality described in Chapter 1. The space 
Ti:*v is a left ttiM space with action given by a ■ (7, v) — (70;"-'^, v) for a. e ttiM 
and (7,f) G Ttt*v. Since the right action of ttiM on M is free, M^ Ttt*!^ is 
equivalent to M AjnM T'n:*v. 

The coevaluation map for M is the composite 

5" ^-^ Tv *- M+ Ttt*v. 

The first map is the Pontryagin-Thom map for an embedding of M in M". The 
second map is defined by 

V ^ {lp{v)-,lp(v),v) 

where p: i^ — > M is the projection and 7p(t,) is any lift of p{v) to M. The second 
map is independent of the chosen lift since quotienting by the action of ttiM will 
identify any two different choices. 

Before we define the evaluation map we need the following preliminary lemma. 

Lemma 3.1.4. [12, II. 5. 2] Let K he an ENR. Then there is an open neighborhood 
W of the diagonal in K x K and a homotopy H : W xl ^> K such that Ho(x, y) — x, 
Hi(x,y) — y and Ht{x,x) — x for all {x,y) G W and i G /. 

We fix such a homotopy H and use it when defining all similar evaluation maps. 
The evaluation map for M-|_, 

TttV a M+ ^ (7riM)+ AS" ^ W^.mS", 

is defined by 

(7m,^',7n) 1-^ (7~^i/(n,m)7„,e(w,n)) 
where e is the evaluation map from the dual pair {M+,Tv). The element 

lmH{n, m)7„ 

of TTiM is the unique g G vriAf such that 7^ -g is contained in a small neighborhood 
of 7„. 

If a: M ^ Tv is the zero section, points outside of a small neighborhood N of 
the image of (ct x id) A are mapped by e to the base point of 5". If necessary we 
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can shrink N so that for all (v,m) £ N, (p{v),'m) G W. If H{n,m) is not defined 
then the triple {"fn,Jm,v) is mapped to the base point. The evaluation map is 
continuous and independent of choices. It is also compatible with the actions of 
TTiM on T'K*v and M+. We show that these maps make the required diagrams 
commute in the proof of Lemma 5.3.3. 

3.2. The geometric Reidemeister trace as a trace 

Before we can define the trace, we need to introduce a little more structure. This 
additional structure plays the role of the symmetry isomorphism in the definition 
of trace in a symmetric monoidal category and allows us to compare the target of 
the coevaluation with the source of the evaluation for dual pairs of 7r-spaces. 



Definition 3.2.1. Let Z be a based tt-tt space. The shadow of Z, {Z\ is the 
cyclic bar resolution C{Z, it). 

The cyclic bar resolution C{Z, it) is the geometric realization of the simplicial 
based space with n simplices 

(7r")+AZ 
face maps 

do{9i,92,---,9n,z) = {gi,...,gn-i,gnz) 
dt{gi, 92, ■ ■ ■ , 9n, z) = (5i,...,5„_jg„_j+i,...,g„,z) for < z < n 
dn{9ii92,---,9n,z) = {g2,...,gn,zgi) 
and degeneracy maps 

Si{9i,92,---,gn,z) = igi,...,gi,e,gi+i,...gn,z). 

We think of ((Z)) as the homotopy coequalizer of the two actions of tt on Z. 

For a homomorphism 0: tt — > tt let tt"^ be tt as a set. On the left n acts on 
tt"^ by multiplication and on the right tt acts by applying (p and then acting by 
multiplication. There is a simplicial map from C(7r'^,7r) to the constant simplicial 
set on the set of semiconjugacy classes of tt with respect to (f> given by 

{91,92, ■■■,9n,h) 1-^ {gig2---gnh). 

This map is a simplicial homotopy equivalence with inverse given by 

hi-^ {e,...,e,(j){h)). 

The homotopy between the identity map and the map 

{9i,92,---,gn,h) ^ {e,...,e,(j){gig2---gnh)) 

is 

ho{9i,92,---,gn,h) = {gi,g2,---,gn,h,e) 

hi{gi,g2,-- ■,gn,h) = (51,.. . ,g„_i,p„_i+i . ..g„/i, e,. . . ,e) for < i < n 

hn{9i,92,---,gn,h) = (.9i....g„/i, e, ...,e). 

See [43, 1.5.1] for the definition of a simplicial homotopy. In particular, ((tt"*^)) is 

equivalent to the set of semiconjugacy classes. This was the definition of ((tt''^)) in 

Definition 2.2.1. 

Taking the shadow of a tt-tt space is similar to applying the functor ((— )) to 
an i?-i?-bimodule for a ring R. In both cases these solutions seem like an ad hoc 
resolution to a very small problem. In the next chapter we will show that structures 
very similar to these are very important in the definition of trace in a bicategory. 
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In this section we will define trace for Tr-maps 

f: X ^ X'f' 

where </): tt — > tt is a homoniorphism, X is a right 7r-space and X'^ is the space 
X with right action of n given hy x ■ g ^ x(f>(g). There is a simplicial map from 
B{X, TT, TT^) to the constant simplicial set X'f' given by the action of tt on X. This 
map is a simplicial homotopy equivalence with inverse given by 

X >-^ {x,e, . . .e) 

and so X TT^ is equivalent to X"^ as a right 7r-space. 

Definition 3.2.2. Let X be a right 7r-space with n-dual Y. Let (f): tt -^ tt 
be a homoniorphism. The trace of an equivariant map f : X ^ X'^ is the stable 
homotopy class of the map 

S^ ^^ XQY ^^ X'f' QY ^ {X Q TT-l) GY ={¥ A X Q (7r^)+))^^ %*)f"- 

Let / : M ^ M be a continuous map of a closed smooth manifold and (j) : tti (M) — 
TTi (M) be the induced map given by a choice of path ( from the base point to its 
image under /. Define 

by /(t) = ./(7)C- Then / satisfies 

,/(7c^) = /(7),/(a)C = .fh)CC\f{a)C = ./(7)0(a) 
and defines an equivariant map 

/: M+ ^ Mf . 
Recall that the geometric Reidemeister trace of a map / is 
Y, i{Fk)-FkenT^i{Mf)) 

Fixed Point Classes F^ 

where i{Fk) is the index of the fixed point class Fk- 
Let 7r|(X) be the i*'* stable homotopy group of X. 

Proposition 3.2.3. There is an isomorphisrmrQ{X) ^ Ho{X). The image of 
the trace of f under this isomorphism is the geometric Reidemeister trace of f . 

Proof. The isomorphism 7rQ(X) -^ Hq{X) is the composite 

7:'„{X) ^ TTgi^^'X) ^ i/,(S9X) ^ HoiX) . 

The first map is the inclusion. For sufficiently large q the Freudenthal suspension 
theorem implies this map is an isomorphism. The second map is the Hurewicz 
homomorphism. It is an isomorphism since 7ri(S''X) is trivial for all i less than q. 
The last map is the suspension isomorphism. 

By Lemma 3.1.3, {M^,Tt:*i>) is a dual pair. The trace of / with respect to 
this dual pair is the composite 

S" -^^ Tv *- M+ Tt:*v -^^ M+ ttiM"^ TvrV —^^ '^{{^,Mt>)f" 

The trace of / is a map into a wedge product, so specifying a point in 5*" and an 
element of ((ttiM'^)) identifies the image oi v e S" under the trace of /. The image 
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oi V E S*" under the trace / in S*" is e{ri{v), f p{ti{v))). The image of v G 5" under 
the trace / in((7riM'*))is 

The maps rj and e are the coevaluation and evaluation for the dual pair (M+ , Tv) 
and H is as in Lemma 3.1.4. At a fixed point the group element 

is 7~ (^)fijpri(v))Cj the image of the fixed point under the injection from the fixed 
point classes to the semiconjugacy classes described in Section 2.2. Since the index 
is local, the trace of / restricted to a neighborhood of a fixed point is a map of 
degree equal to the index of the fixed point. 

The trace of / is an element of 7rQ(((7riM"^})^) and it is the image of an element 
in 7r„(S"((7riM'^})^) if M is n-dualizablc. The image of this representative under the 
Hurewicz homomorphism is (tr(/))*([S']). The projection 

to the component corresponding to a G ((7ri(M)'*^)) takes (tr(/))*([5']) to the index 
of the fixed point class corresponding to a. D 

The trace of / and the other invariants we will define here are more naturally 
described as elements of stable homotopy groups rather than homology classes. 
We will think of them as homotopy classes of maps, and use the isomorphism 
ttq{X) = Ho{X) when it is necessary to make a connection with homology. We will 
use this isomorphism to refer to the trace of / as the geometric Reidemeistcr trace. 

Remark 3.2.4. By looking at the explicit description of the trace of / for a 
map f : M ^ M we see that R^'^°{f) docs not depend on the choice of the lift of 
/. Also note that W'^°{f) is an invariant of the homotopy class of / since the trace 
of / is an invariant of the homotopy class of /. 

In the next chapter we will define duality and trace in a bicategory. In Chapter 
5 we will show that the duality and trace defined in this section arc examples of 
duality and trace in a bicategory. 

3.3. Duality for spaces with path monoid actions 

In the previous section we gave a description of the geometric Reidemeistcr 
trace. In this section we will describe an invariant that is similar to the geometric 
Reidemeister trace, and coincides with the invariant defined by Klein and Williams. 

In Section 3.1 the motivating example was the action of the fundamental group 
of a topological space on the universal cover by deck transformations. In this section 
the motivating example is the 'action' of the free path space of a topological space 
on itself by composition. From this action we can define modules over the path 
space and then define duality for modules and trace for homomorphisms. 

We will use this trace to define the homotopy Reidemeister trace which is a 
'derived' form of the geometric Reidemeister trace. The homotopy Reidemeister 
trace is zero only when the geometric Reidemeister trace is zero. 

In the previous section we worked with homotopy classes of maps. In this 
section we will work with free Moore paths. The free Moore paths of a space have 
composition, but composition is only defined for paths with compatible endpoints. 
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This path space also satisfies unit conditions, but it has many units rather than 
just one. We use Moore paths rather than regular paths since the composition of 
Moore paths is strictly associative. 

In the previous section all spaces had base points and we had to make adjust- 
ments since the maps were not based. In this section we will not use base points 
at all. This has several advantages. The base point is part of the construction of 
the geometric Reidemeister trace but the invariant does not depend on the choice 
of base point. As we mentioned before, fiberwise spaces don't always have sections, 
so in that case we will need unbased descriptions. 

The free Moore path space of a space M is 

VM == {(7,u) e Map([0,oo),M) x [0, oo) |7(i) =7(u)foraUt > u] 

This space is given the subspace topology from Map([0, oo), M) x [0, oo). There are 
two maps s^t: VM -^ M, given by 5(7, u) = 7(0) and ^(7, u) — 7(u). Later we will 
think of VM as a category and so s and t denote source and target. Two paths 
(/3, v), {a, u) e PM can be composed if a{u) = (3{0) and this composition defines a 
unital and associative product 

VM XmVM ^ {{{f3,v),{a,u))\f3{0) ^a{u)}^VM. 

If we restrict to paths that start and end at some chosen point * <E M the compo- 
sition induces the group multiplication in the fundamental group. 

Let X be an ex-space with section and projection maps M ^ X ^ M that 
satisfies the conditions of Remark 1.4.1. We define an ex-space over M, VM K X, 
by imposing additional identifications on the fiber product 

VMxmX ^ {((7, u),x)e VM X X|7(0) = p{x)}. 

We identify ((7,u),a;) and ((7', u'),a;') if x and x' are both in the image of the 
section and 7(1*) = "f'{u'). The projection map 

VM ^X -^ X 

is {{'-f,u),x) 1-^ j{u). The section 

M -^ VM H X 

is m 1-^- {{cm,0),o-{m)) where Cm is the constant path at m in M. A different 
description of this product is given in Chapter 5. 

Similarly, for two ex-spaces X and Y over M we define a based space X ^Y 

by 

{{x,y)\p{x) =p'(y)}/- 

where {x, y) is identified with (x', y') if one of element of each pair is in the image of 
the section. The base point is the point oi XMY given by the equivalence relation. 

Definition 3.3.1. An ex-space X over M is a right V M -module if there is a 
map over and under M 

k: XMVM ^ X 
that is associative and unital with respect to the product of VM . 

The definitions of a left module and a bimodule are similar. The space VM is 
a space over M x M via the map t x s. With a disjoint section added VM is a 
ex-space over M x M. This ex-space is written {VM,t x s)+. Using composition 
of paths {VM,t X s)+ is a {VM,t x s)+-bimodule. Using only one of the maps t 
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or s we can think of VM as cither a left or right T'M-module. For example, with 
a disjoint section {VM, s)+ is a right T'M-module. 

If X and Y are ex-spaces over M, the external smash product YAX is an ex- 
space over M x M. If X„ is the fiber of X over n and Ym is the fiber of Y over m, 
the fiber of YAX over {m^n) is y^ A X„. If X is a right "PM-module and F is a 
left PM-module then YAX is a 'PM-7'M-bimodule. 

For a right T^M-module X and a left T'M-module F we define a space X QY 
as the bar resolution B{X, VM, Y). The product used to define the bar resolution 
is the Kl product defined above. This is analogous to the for two spaces with an 
action by a group tt or to the tensor product of modules over a ring. 

Definition 3.3.2. We say that a right PM- module X is n-dualizable if there 
is a left "PM-module Y , a continuous map 77: 5" ^ X y and a map e: YAX -^ 
S'^AiVM, t X s)+ of T'M-'P M-bimodules such that 



S"AX^^^{XQY)AX 



YAS" 



id A?) 



YA{XGY) 



X (YAX) (<TAid)7 



XAS'" 



id0e 

X0(V^5'") 



S"AY' 



iiYAX)QY) 

eOid 

-K5")0y 



commute stably up to homotopy respecting the action by VM. 

Let 3*8" denote the puUback of S" along s: VM -^ M. Then Tms*S'' is the 
quotient of 8*8" where we identify ((7, u), v) and ((7', u'), v') if v and v' are in the 
image of the section and 7(1*) — 7'(u'). This is an ex-space over M with projection 
given by 

{{j,u),v) i->7(u). 
We use Tm to denote the quotient since Tms*S'^ is related to the Thom space. This 
is a left T^M-module 

Lemma 3.3.3. Let M be a closed smooth manifold. Then {VM, s)+ is dualizable 
with dual Tms* S^ . 

We prove this lemma in Chapter 5 where it is part of Lemma 5.4.3. 
The coevaluation map 

S"" ^{VM,s)+QTms*S'' 

is the composite of the Pontryagin-Thom map for the normal bundle of M with the 
map that takes an clement v of the normal bundle to {cpiy\, Cpiy\, v). Here c^ is the 
constant path at x. The evaluation map is more difficult to describe. It is closely 
related to the evaluation map in Lemma 3.1.3 and it is defined in Lemma 5.4.3. 

3.4. The homotopy Reidemeister trace as a trace 

Before we define the trace we need to define the shadow of a space with two 
actions of VM . 

Definition 3.4.1. Let Z be a T'M-'PM-bimodule. The shadow of Z, 
the cyclic bar resolution C{Z,VM). 
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For a map f:M^M, {V^M^t x s)+ is the V M -V M -himodule defined by 

{V^M, txs):^ {(m, (7, u)) eM x VM\f{m) ^ 7(0)}. 

This is a space over M x M with projection map (to, 7) ^-> {j{u),m). The actions 
of VM are given by composition of paths on the left and composing with / foUowcd 
by composition of paths on the right. The shadow of {V^ M,t x s)+ is equivalent 
to the based space 

K^'M ^ {(7,u) e VM\f{-i{u)) ^ 7(0)}+. 

See Section 6.2 for a description of this equivalence. 
For a map / there is an induced map 

~f:{VM,s)+^{rfM,s)+ 

of right PM-modules. 

Definition 3.4.2. If M is closed smooth manifold and /: M ^ M is a map, 
the trace of / is the stable homotopy class of the map 



^ {VM, s)+ Ts*S'' — ^^{{Ts*S''A{rM, s)+)) 

^^^{Ts*S''A{VfM, s)+)) ^ 5" AiiV^'M, t x s)+)) 



Definition 3.4.3. The homotopy Reidemeister trace, i?''*™(/), of/ is the trace 
of/. 

The duality and trace defined in this section are also examples of the duality 
and trace in bicategories defined in Chapter 4. The bicategory used to define this 
duality is described in Chapter 5. 



CHAPTER 4 



Why bicategories? 



In the previous two chapters we have explained some of the reasons why Dold 
and Puppe's trace in symmetric monoidal categories cannot describe the Reide- 
meister trace. We have also explained why there should be some structure, similar 
to the trace in symmetric monoidal categories, that does describe the Reidemeister 
trace. In this chapter we will describe that structure. 

To achieve the necessary additional generality we replace symmetric monoidal 
categories by bicategories. Bicategories have structure that is very similar to a sym- 
metric monoidal category in the ways that are important for defining duality and 
trace. In particular, bicategories have 'tensor products', or composition, and units. 
Bimodules over a ring and spaces with group actions are examples of bicategories. 

Without some additional structure bicategories are not similar enough to sym- 
metric monoidal categories to have a trace. To define a trace we add shadows. 
The shadows are closely related to the bicategory composition and they play a role 
similar to that of the symmetry isomorphism in a symmetric monoidal category. 

Some results that follow easily from the definitions of duality and trace signifi- 
cantly simplify proofs of results stated in Chapter 3. We include those results here 
and complete the proofs omitted from Chapter 3 in Chapters 5, 6, 7 and 8. 

We omit most proofs in this section since they are diagram chases from the 
definitions. 

4.1. Definitions 

Bicategories can be thought of as monoidal categories with many objects. In- 
stead of having objects and morphisms, bicategories have 0-cells, 1-cells, and 2-cells. 
Each 1-ccll or 2-cell in a bicategory SS has a source 0-cell and a target 0-cell. For 
two 0-cells A and _B, the 1-cells and 2-cells with source A and target B form a cat- 
egory with objects the 1-cells and morphisms the 2-cells. This category is usually 
written ^{A,B). In addition, for 0-cells A,B, and C there is a functor 

: m{B, C) X ^(A, B) -^ M(A, C) 

that acts as 'composition' for 1-cells and 2-cells. For each 0-cell A there is a functor 
Ua from the category with one object and one morphism to d§{A,A). Up to 
isomorphism 2-cells, the functors are associative and unital with respect to the 
functors Ua- 

Definition 4.1.1. [40, 1.0] A bicategory SS consists of 

(i) A collection ob^. 

{ii) Categories SS{A, B) for each A, B e ob^. 
(iii) Functors 

: ^{B, C) X ^(A, B) -^ M{A, C) 

27 
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Ua: *^ SS{A, A) 
for A, B and C in ob.^. 
Here * denotes the category with one object and one morphism. The functors 
are required to satisfy unit and associativity conditions up to natural isomorphism 
2-cens. 

Remark 4.1.2. There are two choices for the convention used for the bicategory 
composition. We follow the convention used in [42], but the choice 

: ^(A, B) X .^{B, C) -> 3g{A, C) 

is also used. 

Some examples of bicategories include: 

• The bicategory with 0-cells rings, 1-cells bimodules, and 2-cells homomor- 
phisms. 

• The bicategory with 0-cells categories, 1-cells functors, and 2-cells natural 
transformations. 

• The bicategory Ex of ex-spaces with 0-cells spaces; and for two spaces A 
and B the category Ex(A, B) is the category of ex-spaces over B x A} 

A monoidal category is a bicategory with a single 0-cell. The objects of the 
monoidal category are the 1-cells of the bicategory and the morphisms are the 2- 
cells. The monoidal product of the monoidal category is the in the bicategory 
and the unit object / is used to define the single functor Uj. Chapter 9 contains 
more examples of bicategories. 

Definition 4.1.3. A lax functor F: .^ ^ .^' between bicategories consists of 
(i) A function F from the 0-cells of ^ to the 0-cells of ^'; 
(m) Functors F : MiA, B) -^ .S§'{FA,FB) for aU pairs of 0-cells A and B of 

■S§; 
{in) Natural transformations 

(t>x.Y ■■ F{X) F{Y) -^ F(X Y) 

for all 1-cells X and Y: 
(iv) Natural transformations 4>a- Up,j^-. — > F{Ua) for each 0-cell A 

that satisfy some coherence conditions. 

This is analogous to a monoidal functor and its natural transformations 

F{A)®F{B) -^ F{A®B) 

and /' -^ F{I). A strong functor of bicategories is a lax functor where the natural 
transformations (j)x,Y and (f>A are natural isomorphisms. 

The duality of Section 1.2 can be defined in a monoidal category, but it is more 
common to define dual pairs in symmetric monoidal categories. Similarly, while 
we could make all of the definitions in this chapter for a bicategory, we choose to 
impose some additional conditions that will mimic some of the symmetry conditions 
in a symmetric monoidal category. 

Definition 4.1.4. [48, 16.2.1] An involution on a bicategory £§ consists of the 
following data. 



The name Ex is used to refer to a different, but related, category in [48]. 
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(i) A bijcction t on the 0-cells of ^ such that ttA = A. 
(a) Equivalences of categories i : .^{A, B) — > 3§{tB, tA) = ^°P(tA, tB), with 

the equivalences given by isomorphism 2-cells £,: id = ii. 
[Hi) Natural isomorphism 2-cells l = la'- IUa — > UtA for 0-cells A and 

7 = lx,Y ■■ {tYf'P 0°P (tX)°P =tXQtY —> t{Y X) 
for 1-cells X : A — > B and F : B — > C; the left and right unit 2-cells 
A and p must be related by t{\x)^x,Ux = /OtJf(id0i) or, equivalently, 
t(px)lUx.x = Atjf ('- © id), the appropriate hexagonal coherence diagram 
relating 7 to the associativity 2-cell a must commute, and the following 
diagram relating ^ to 7 must commute: 

YqX ^-^tt{YQX) 



i&i 



t(7) 



ttY ttX — ^ t{tX © tY). 

We also require £,{Ua) —t{LA)iA- 
A symmetric bicategory ^ is a bicategory equipped with an involution. 

A bicategory ^ is closed if for 0-cells A, B, C there are two functors 
> : ^{A, B)°P X ^(A, C) — > ^{B, C) 

and 

<: .^{A, C) X ^(B, C)°P — > .^{A, B) 
and natural isomorphisms 

^{A, B){X, Z<iY)= SS{A, C){Y QX,Z) = S§{B, C){Y, X > Z) 

for 1-cells X e .^{A, B),Y e .^{B, C), and Z e ^{A, C). 

In a symmetric bicategory we can use the involution to express <i in terms of > 
or > in terms of <i. 

For more detailed definitions see [40, 48]. 

4.2. Rings, bimodules, and maps 

Many of the important features of bicategories can be seen in the example of 
rings, bimodules, and homomorphisms. The 0-cells of this bicategory are rings, the 
1-cells with source A and target B are the B-A-bimodules. The 2-cells between 
two B-A bimodules are the bimodule homomorphisms. The is the usual tensor 
product of modules over a ring. The functor Ua associated to a ring A is A regarded 
as an A-A-bimodule. 

The bicategory of rings, bimodules, and homomorphisms, denoted by Mod, 
is symmetric with the involution that takes a ring to its opposite and takes an 
A-B-bimodule to its opposite, a i3°P-A°''-bimodule. The isomorphism 

A 0B r ^ {Y°P 0BOP x°p)°p 

for an A-i3-bimodule A and S-C-bimodule Y is also part of the structure of the 
involution. 

The bicategory Mod gives familiar examples of the functors i> and <i. Let X be 
a i?-A-bimodule, F be a C-i3-bimodule, and Z he a. C-A-bimodule. Then X > Z is 
Hom^(A, Z), the C-i?-bimodule of right A- module maps from A to Z. Similarly 
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Z<iY is HoniciY, Z), the B-A-bimodule of left C-module maps from Y to Z. There 
are natural isomorphisms 

Mod(B,C)(y,Hom^(X,Z)) = Mod{A,C)iY(g)BX, Z) = Mod{A,B){X,llomciY, Z)). 

To define the algebraic Reidenieister trace we defined the Hattori-Stallings trace 
of an endoniorphisni of a finitely generated projective module. There we defined a 
map 

V. X ®aP ®A Hom^i (X, A) -^ Hom^ (X, X ®^ P) 

which is an isomorphism for all ^-yl-bimodules P and finitely generated projective 
right A- modules X. The map v can also be defined using the adjunction isomor- 
phisms above. The adjunction isomorphisms also give a map 

ry: Z^Hom^(X,X) 

for any right A-module X. If X is a finitely generated projective right A-module 
then the composite of ry with v^^ gives a map 

1-^ X®A^oiaA{X,A). 
In fact, the existence of a map 

Z-f X®a^o^a{X,A) 

satisfying some additional conditions is equivalent to v being an isomorphism. 

Proposition 4.2.1. The following are equivalent for a right A-module X . 
(i) X is a finitely generated projective right A-module. 



(ii) The map 



v. P(^A HomA {X,A) -> HomA {X,P) 



is an isomorphism for all A-A-bimodules P. 
(Hi) There is a map rj: Z ^ X ®yi DaX , DaX = HomA(X, A), such that 



DaX 



id 



DaX ®z Z 



id 07] 



^ DaX ®z {X ®A DaX) 



DaX ^ A ®A DaX -^— - [DaX ®z X) ®a DaX 



X ^ Z ®z X ^ (X «)A DaX) ®i X 

id 



X—^X®A A,-^ X ®A {DaX ®z X) 

id 0CV 



commute. 



Using the map 77 and the functor ((— )) from Definition 2.3.3 we can give another 
description of the Hattori-StaUings trace. 
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Proposition 4.2.2. If X is a finitely generated projective right A-niodule, P 
is an A-A-bimodule, and f : X ^ X ®a P is a map of right A-modules, then the 
Hattori-Stallings trace of f is the image of 1 under the composite 

Z iP)) 



X®aDa{X)^^X^ 



U P ®A Da{X) -^^{{P <E)a Da{X) ®z X)). 



In the rest of this chapter we generalize this description of the Hattori-StaUings 
trace to a trace in bicategories with shadows. Wc begin by recalhng the generahza- 
tion of Proposition 4.2.1 to a bicategory from [48]. Then we define shadows which 
generalize the functors ((—)). 



4.3. Duality 

Duality in a bicategory is similar to duality in a symmetric monoidal category. 
Many of the differences are already seen in Proposition 4.2.1, which we generalize 
here. This section is based on Chapter 16 of [48] which contains additional details. 

Definition 4.3.1. A 1-cell X g ^{B,A) is right dualizable if there is a 1-cell 
Y G ^(A, B) and maps 77: Ua -^ X QY , called the coevaluation, and e: Y Q X ^ 
Ub, called the evaluation, such that the following diagrams commute in S§{B,A) 
and ^(A,B), respectively. 



X ^^- UaQX ^^ {XQY)QX 



Y ^^- YqUa ^^ YQ{XQY) 



id 



id 



X -^ XQUb -^^ XQiYQX) 



Y -^ UbQY -^-p {YQX)QY 



If X is right dualizable with dual Y we say that Y is the right dual of X and 
that (X, Y) is a dual pair. We also say that Y is left dualizable and that X is the 
left dual of Y . 

Proposition 4.3.2. Let X be a 1-cell in ^{B,A), Y be a 1-cell in ^{A,B), 
and e: y X — > Ub be a 2-cell in £i§{B, B). Then the following are equivalent. 

{i) Y is the right dual of X with evaluation e. 

(a) The map e/(-): .'^{W, Z Q Y) ^ ^{W X,Z) which takes a 2-cell 
f:W^ZQYtothe 2-cell 

WQX -^^ ZCDYQX ^^^ ZqUb^Z 
is a bijection for all W G .^{A, C) and Z G .^{B, C). 

There is a similar characterization using the coevaluation. 

As in the symmetric monoidal case, any two right duals of a right dualizable 
object are isomorphic. If the duals of X are Y and Y' with coevaluation and 
evaluation maps 



V- Ua- 


-^xqy 


and 


e: YqX — 


-^Ub 


v'-Ua- 


-^XQY' 


and 


e':Y'QX- 


^Ub 
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then the map 



Y^YgUa'-^^YqXqY'^^UbQY' = Y' 



is an isomorphism with inverse 

Y' 9iY'Q Ua ^^^ Y'qXqY ^^ UbQY^Y . 

If the bicategory is closed there are canonical duals given by the t> and < func- 
tors. This is the case in the bicategory of rings, bimodules, and homomorphisms. 

Proposition 4.3.3. If£i§ is a closed bicategory the following are equivalent for 
a 1-cellX e ^{B,A). 

(«) X is right dualizahle. 
(a) The map v. X Q {X \> Ub) -^ X i> X is an isomorphism. 

There is a similar result for left dualizable 1-cells. 

A dual pair in a symmetric monoidal category is also a dual pair in the cor- 
responding one 0-cell bicategory. However, in a bicategory an object that is right 
dualizable might not be left dualizable, and conversely. 

The following results about composites of dual pairs follow immediately from 
the definition of a dual pair. While they arc both very easy to prove they have 
significant consequences. 

Theorem 4.3.4. Let X he a right dualizable 1-cell in ^(-B, A) with dual Y and 
W be a right dualizable 1-cell in !3S{C, B) with dual Z . 

Let (?7, e) be coevaluation and evaluation maps for the dual pair (X,Y), and 
let {Ci'4') be coevaluation and evaluation maps for the dual pair {W,Z). Then the 
composites 

Ua — ^ XQY ^^ XqUbQY "^®''®"^^ {X(I)W)g{Z(D Y) 



d 



an- 

{Z(DY)(D{XQ W) "^'^"^"'^ ZqUbQW ^^ Z QW ^^^ Uc 

are coevaluation and evaluation maps that exhibit {X QW, Z QY) as a dual pair of 
1-cells. 

Theorem 4.3.5. Let (X,Y) be a dual pair with evaluation e: YqX -^ Ub- Let 
Z be another 1-cell and suppose {X Z, V) is a dual pair. If e is an isomorphism 
then (Z, V X) is a dual pair. 

Let {Z, W) be a dual pair with coevaluation x- Ub -^ Z QW and X he a 1-cell. 
If {X Z, V) is a dual pair and x is an isomorphism, then {X, Z Q V) is a dual 
pair. 

Strong functors of bicategories are compatible with dual pairs, but weaker 
hypotheses can also give compatibility between functors and dual pairs. 

Proposition 4.3.6. Let {X, Y) be a dual pair in a bicategory ^, X e .S§{B, A), 
and F : SS ^ SS' he a lax functor of bicategories such that (px.Y and (J)b are iso- 
morphisms. Then {FX,FY) is a dual pair in ^' . 

If the coevaluation and evaluation maps for the dual pair {X, Y) are 

ti-.Ua — >XQY and e:YQX — >Ub, 
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then the coevaluation and evaluation maps for the dual pair {FX, FY) are 

U'^^ -^^^^ F{Ua) ^^^^ F{X Y) i^^^I^ FX FY 
and 

4>Y X F(e) (iI>b)~^ 

FY FX -^Ii^L^ F{Y X) ^—^ F{Ub) ^ U'pg. 

Let Ch be the bicategory with 0-cells rings, 1-cells chain complexes of bimodules, 
and 2-cells maps of chain complexes. Let C be a chain complex of left i?-modules 
and D be a chain complex of right i?-modules. Suppose {D, C) is a dual pair. There 
is a map 

H^{D) H^{C) = H^{D) ®R H,{C) -^ H,{D 0^ C). 
The Kiinncth Theorem implies this map is an isomorphism if each Ci is a projective 
module, the boundaries of C'i are projective and the homology of C is projective in 
each degree. The natural transformations (f>ji are the identity for all rings R and 
so when the hypotheses of the Kiinneth Theorem are satisfied Proposition 4.3.6 
implies that the homology of a dualizable complex is dualizable. 

4.4. Shadows 

In symmetric monoidal categories the symmetry isomorphism 

X ®Y ^Y(dX 

provides a way to compare the target of the coevaluation with the source of the 
evaluation for a dual pair {X, Y). This is an important part of the definition of the 
trace. To define trace in a bicategory we will also need to be able to compare the 
target of coevaluation with the source of evaluation. For example, in the bicategory 
of rings, bimodules, and homomorphisms it is necessary to compare X 0yi Y with 
Y 0B X for an B-A-bimodule X with dual Y. 

The comparisons we need are not automatically part of the structure of a bicat- 
egory, as we can see in the bicategory Mod. In Mod we introduced the functors ((—)) 
to define the Hattori-Stallings trace. In this section we describe how to generalize 
these functors to other bicategories. 

Definition 4.4.1. A bicategory ^ has shadows if there is a 0-ccll /, functors 

{{-)):. ^{A, A) ^.^{1,1) 
for all O-ccUs A, and natural isomorphisms 

9:iXQY}^iYQX)) 

for all pairs of 1-cells X € .SS{B,A) and Y e Sg{A,B). We also require that for 
X e ^{1,1), iX}= X and the following diagrams, relating the isomorphisms 6 to 
the unit and associativity isomorphisms in the bicategory, commute.^ 

({X QY)Q Z}^-^{{Z Q{XQ Y)} ^{{{Z Q X) Q Y} 



(X (y Z)))—-^i{Y QZ)Q X} HY (Z X))) 



The following diagrams arc due to Michael Shulman. 
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(Z C/^)> -^^ {Ua Z)) -^U (Z t/^)) 




Shadows can be thought of as 'cycHc tensor products' since the natural isomor- 
phisms will allow cyclic permutations of 1-cells and 2-cells. 

As we noted before, from a symmetric monoidal category we can define a bi- 
category with a single 0-cell, 1-cells the objects of the category, and 2-cells the 
morphisms. The identity functor is a shadow for this bicategory and the isomor- 
phism 9 is the symmetry isomorphism. 

The bicategory Ch is a bicategory with shadows. The shadows are given by 
applying the shadows of Mod levelwise. The isomorphism {X Y} -^ {Y X} is 
the usual exchange of elements and adds a sign determined by degree. 

Since shadows are not automatically part of the structure of a bicategory, it 
is not surprising that additional hypotheses will be needed before a lax functor is 
considered compatible with shadows. 

Definition 4.4.2. Let M and ^' be bicategories with shadows and F : .SS -^ -SS' 
be a lax functor of bicategories. Then F is compatible with shadows if for each O-ccU 
A there is a natural transformation 



such that 



i^A:{F{-)))^Fi-)) 



((FX FY}—^{{FY FX)) 



{{F{XQY)} 
F{{XQY}- 



(FiYQX)} 
■F{{YGX)) 



commutes for all 1-cclls X e ,^(S, A) and Y e .S§{A, B). 

Homology is a lax functor of bicategories that is compatible with shadows. The 
lax functor is the identity on 0-cells and the usual homology functor on 1-cells and 
2-cells. Define ipR by the coequalizer 



R F,(a) — ^ H^,{R a 



H.(k7) 



H,(i?0a) 



H.{k) 



H4kj) 



:^H4a) 



i V'-R 



Remark 4.4.3. The definitions of shadows and a functor that is compatible 
with shadows given here can be generalized while retaining the same spirit, see 
[54]. Here we require that the shadow is a functor from the hom categories to 
one chosen hom category in our bicategory. We could also define a shadow as a 
functor from the hom categories to some symmetric monoidal category that has 
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associated symmetry isom.orphism.s that satisfy coherence conditions. We could 
similarly generalize the definition of a functor that is compatible with shadows. 

4.5. Trace 

Motivated by the definition of trace in a symmetric monoidal category and the 
Hattori-Stallings trace we can now use duality in a bicategory to define trace in a 
bicategory with shadows. 

In this section ^ is a bicategory with shadows and X e SS{B, A) is a 1-cell 
with right dual Y e ^{A,B). Let 77: C/^ ^ X 1" and e: F X ^ C/s be the 
coevaluation and evaluation for the dual pair [X, Y) . 

Definition 4.5.1. For l-ccUs P e ■SS{B,B) and Q e Sg{A,A) and a 2-cell 

/: QQX~^XQP 

the trace of / is the composite 

iP)) 



((id 0r,)) ((/©id)) ((e0id)) 

((0 Ua}- ^{Q QXQY)) ^^-U {XQPQ Y)) = iYQXQ P)) -^ 1 (Ub P}- 

In a symmetric monoidal category, trace was defined only for endomorphisms of 
dualizable objects. In a bicategory we add the 1-cells P and Q since we want to use 
this trace in fixed point theory applications. For these examples the maps we want 
to take the trace of are not endomorphisms of 1-cells. Rather, they are 2-cells of the 
form X ^ X Q P. This can be seen in the definition of the algebraic Reidemeister 
trace where X = C*(M;Q) for some compact manifold M and P — 1jTTi{M)'^ . 
While Q is not needed in our applications, we add it to the definition for symmetry. 

We define the trace of a 2-cell g: Y QQ ^ P QY similarly. 

The following lemmas describe basic properties of the trace. All of these lemmas 
are easy to prove. 

Lemma 4.5.2. If{X,Y) and {X,Y') are dual pairs, the trace of f with respect 
to {X,Y) is equal to the trace of f with respect to (X,Y'). 

Let /' be the composite 

„ ^ „ id0id0?7 „ idOfOid 

YQQ ^ YqQqUa ^ YgQqXqY '—^ 

e(v)id G)id ^ 

YGXQPQY ^ UbQPQY ^ PQY. 

The 2-cell /' is the dual of /. 

Lemma 4.5.3. For f and f as above, 

tr(/) = tr(/'). 

One of the defining properties of a trace function on matrices is commutativity. 
The trace in bicategories is also commutative. 
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Lemma 4.5.4. If X and Z are right dualizable 1-cells, g'.RQZ—^XQS, 
/: Q G X ^ Z Q P are 2-cells, and the composites 

qqrqz^-^qqxqs^—^zqpgs 

RQQQX'^^^RQZQP^^^XQSQP 

are defined, then 

tr((/ ids)(idQ Qg)) = tr((.9 idp)(idfl 0/)) 

The trace respects the structure. 

Lemma 4.5.5. If X and Y are right dualizable 1-cells, f : Q Q X —t X and 
g: Z ^ Z Q P are 2-cells, and 

gQf:ZQQQX~^ZGPGX 

is defined, then 

tr(ff0/)=tr(g)tr(/). 

Some of the dual pairs that wc wiU consider later have much more structure 
than is required by the definitions. The additional structure gives more information 
about the traces. 

Lemma 4.5.6. (i) Let {X, Y) be a dual pair such that the evaluation e is 

an isomorphism and let Z be another 1-cell such that X Q Z is dualizable. 
For a 2-cell g : Q Q Z ^ Z Q P let g* be the composite 

^-^ ^ r ^r r-, id0id0e0id -.^ ^ ^r n 

xqQqyqxqz ^ XqQqUaQZ 



XgQgZ "^®^ ^ XQZQP. 



Then 



(XQQG Y} ^ {{YQXQ Q} ^ (Ua Q} = (Q)) ^^ (P)) 

is the trace of g* . 
{ii) Let (Z, W) be a dual pair such that the coevaluation x is an isomorphism 
and let X be another 1-cell such that X Q Z is dualizable. If f '. Q Q X —>■ 
X Q P is a 2-cell let f* be the composite 

qqxqz -^®"^ ^ xqpqz 



id0Y0id0id 

XQUa&PQZ ^ XQZQWQPQZ. 



Then 



+ r( f\ ({id 0y)) ~ 

^" " "" = {P U^- ^{P QZQW)) -^^ iWQPQ Z)) 



is the trace of f* 



4.5. TRACE 
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Strong symmetric monoidal functors preserve dual pairs and trace in a sym- 
metric monoidal category, as do lax symmetric monoidal functors that satisfy some 
additional hypotheses. Strong functors of bicategories, and lax functors of bicate- 
gories where some of the coherence natural transformations are isomorphisms, pre- 
serve dual pairs in a bicategory. Strong functors that are compatible with shadows 
almost preserve the trace. 

Proposition 4.5.7. Let F be a lax functor compatible with shadows and (X,Y) 
a dual pair such that 

^x,Y : F{X) © F{Y) -^ F{X Y) 

and 

are isomorphisms. If f : Q Q X ^ X Q P is a 2-cell, (pq^x is an isomorphism and 
f is the composite 



FQ FX ^-^ F{Q X) —it F{X P) — ^ FX FP 



then the following diagram commutes. 

(FQ))- 



tr(/) 



--((FP)) 



ll>A 



Fitrif)) 



FiP)) 



For the homology functor, the natural transformations 4'a are all the identity 
and so the conditions of Proposition 4.5.7 are all consequences of the Kiinneth 
Theorem. 

Corollary 4.5.8. Let C be a finitely generated chain complex of projective 
right R-modules such that the boundaries and homology of C are projective in each 
degree. If f '■ C ^ C 0/? P is map of chain complexes then 



Z- 



Z- 



tr(0oH.(/)) 



H.(tr(/)) 



■iH.iP))) 



i^A 



H, 



commutes. 



In particular, if M is a finite CW complex and _ff*(A'/;Z) is projective as a 
right module over ZttiM then the algebraic Reidemeister trace computed using the 
chains on M is the same as the trace of the induced map on homology. Compare 
this observation with [32, 1.4] and [16, 4.3.b]. 



CHAPTER 5 



Duality for parametrized modules 



In this chapter we give several examples of the duality defined in the previ- 
ous chapter. We will first describe the bicategory of ex-spaces and one particular 
example of duality in this bicategory. 

From the bicategory of ex-spaces we can define a bicategory that is a topological 
analogue of the bicategory of rings, bimodules, and homomorphisms. After defining 
the bicategory we give several examples of dual pairs. These examples are similar 
to those in Chapter 3, but now we use the formal results from Chapter 4 to simplify 
many proofs. 

The results from Chapter 4 that do the most to simplify the proofs here are 
the results about composites of dual pairs. The first of these results shows that 
the composite of two dual pairs is a dual pair. This result, along with a particular 
dual pair for a compact smooth manifold, will produce many of the dual pairs we 
described in Chapter 3. 

In the next chapter we use these dual pairs to show that several forms of the 
Reidemeister trace are examples of trace in bicategories and we use functoriality of 
the trace to relate these invariants. 



5.1. Costenoble-Waner Duality 

We first define the bicategory Ex of ex-spaces. The 0-cells of Ex are spaces. A 
1-cell in Ex(A, B) is an ex-space X over B x A, a space X with maps 

BxA^X^BxA 

such that po a — id. The 2-cells of Ex are maps of total spaces that commute with 
the section and projection. If Y is an ex-space over B we think of it as an object 
of Ex(B,*). 

Recall from Remark 1.4.1 that for homotopical control we will usually consider 
parametrized spaces X over A x B where the map X ^ A x B is a. fibration and 
the map Ax B ^ X is a fiberwise cofibration. This assumption implies that maps 
in the homotopy category will correspond to fiberwise homotopy classes of maps. 
While this is a restrictive assumption, in many of the examples we are interested 
in this condition is satisfied. When this does not hold we choose an equivalent 
replacement that does satisfy these conditions. See [48, 9.1.2] for further details. 

The external smash product A of an ex-space X over A with an ex-space Y 
over i? is a parametrized space over Ax B. The fiber of the external smash product 
over (a, b) is the fiber of X over a smashed with the fiber of Y over b. 

If X is a parametrized space over A x B and y is a parametrized space over 
B X C then we define X ^Y, a parametrized space over ^ x C, as the pullback 
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along A: B ^ B X B and then push forward along r : B ^ * oi XAY. 

id xrxid id X Axid 

AxC^ AxBxC ^AxBxBxC 



XMY-^ 



AxC^ 



id xrxid 



(idxA X [d)*{XAY)' 



Ax BxC- 



id X Axid 



^XAY 



^ Ax Bx BxC 



Following [48], we write this as XMY = r\/\*{XAY) where (-)* indicates puU 
back and {—)\ indicates push forward. This is the bicategory composition in Ex. 
For more details on these definitions see Chapter 17 of [48]. 

With the assumption that the projection maps are fibrations and the sections 
are fiberwise cofibrations XMY will have the correct homotopy type. 

For each 0-cell _B, (_B, A)+ e Ex(S, B) denotes the ex-space with projection 
map the diagonal map A: B ^ B x B and a disjoint section. This is the unit for 
Kl and so it will be denoted Ub- 

More generally, Up: X — > i? is a continuous map, then {X,p)+ is the parametrized 
space with projection p and a disjoint section. We regard {X,p)^ as an object of 
Ex(B,*). 

The bicategory Ex has a particularly simple involution. The bijection t on 0- 
cells is the identity and the puUback along the interchange map can be used to 
define an equivalence of categories 

Ex{A,B) -^ Ex{B,A). 

For a map p: X ^ B, t(X,p)^ is the same space as (X,p)_)-, but is thought of an 
object of Ex{*,B). 

Costenoble-Waner duality [48, Chapter 18] for parametrized spaces is an ex- 
ample of duality in a more sophisticated stable version of the bicategory Ex but it 
also has an interpretations in terms of n-duality in Ex. 

Definition 5.1.1. [48, 18.3.1] An ex-space X over B is Costenoble-Waner 
n-dualizahle if there is an ex-space Y over B and maps 



such that 



S*" 



-^XMtY 



AiS"? 



X -!—^ {X MtY)MX 



XMS''' 



and tYMX 



tY M 5"" ''> tY^iXm tY) 



X^{tYM X) (o-Klid)7 

idKle 



\tY ■ 



{{tYmX)MtY) 

eKlid 



^A^simtY 



commute up to fiberwise homotopy. 

Note that A\{S'g) E Ex(B, B) is the pushforward of 5" x _B along the diagonal 
map of B. 
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Theorem 5.1.2. [48, 18.6.1] Let M be a closed smooth manifold with an 
embedding m M". Then {Slj,tS'^) is a Costenoble-Waner n- dual pair. 

The ex-space 5^ G Ex(M, *) has total space two copies of M. The projection 
map is the identity map on both components. The ex-space S"^ S Ex(M, *) is the 
fiberwise one point compactification of the normal bundle of M. The section is the 
inclusion of M as the points added by the compactification. It is a space over M 
via the projection map p: S'^ ^ M. 

The coevaluation map 

77: S'' ^S°M^tS'' ^Tiy 

is the Pontryagin-Thom map for the normal bundle of the embedding M ^ S"^. 

The diagonal gives an inclusion of M into v x M. Let e be an identification of 
a neighborhood F of M in i^ x M with the trivial bundle R" x M. We can define 
a map 

E:V^ Map(/, M) x (R" x M) 

by 

E{v,m) = (H{p{v),m),e{v,m)) 

where H{p{v),m) is a path from p{v) to m as in Lemma 3.1.4. 

The evaluation map e is the composite of the Pontryagin-Thom map for the 
embedding M ^> v x M with the map E. This is related to the evaluation map 
described for the dual pair in Lemma 3.1.3. 

Since Costenoble-Waner dual pairs are examples of dual pairs in a bicategory 
there are other characterizations of Costenoble-Waner duals. Let { — ,— } denote 
stable homotopy classes of maps and { — ,— }_b denote fiberwise stable homotopy 
classes of maps over B. 

Corollary 5.1.3. If X is Costenoble-Waner n-dualizable with dualY, 

{Z m X, W}b = {S" AZ,WM tY} 

for Z e Ex(*, *) and W £ Ex(i?, *), 

In particular, for a closed smooth manifold M 

{S%,U}M^{S'',U^tS''} 

for U e Ex(M,*). 

For any space B the parametrized spaces {B, id)+ G Ex(i?, *) and t{B, id)+ G 
Ex(*, B) form a dual pair. The coevaluation is the diagonal map 

A: B -> B X B. 

If r : B ^ * is the map to a point, the evaluation map is 

r+:i?+^5°. 

For a manifold M, the dual pairs {{M, id) +,t{M, id) +) and {Sl,j,tS") can be com- 
posed to give the dual pair (M+,Ti^) described in Theorem 1.3.2. 
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5.2. A bicategory of bimodules over parametrized monoids 

In this section we define the bicategory that describes the topological dual 
pairs we will use later. This is a bicategory of monoids, bimodules, and maps of 
bimodules and its construction is similar to the construction of the bicategory of 
rings, bimodules, and homomorphisms from the category of abelian groups. 

The bicategory in this chapter is a special case of the bicategory described in 
Section 9.4 with one exception. In Section 9.4 we make frequent use of colimits. 
In this section we will use homotopy colimits. Here we are primarily interested 
in homotopical information and homotopy colimits will give the right homotopy 
types. Also, we must use homotopy colimits to be able to connect our invariants 
with classical invariants, especially the invariant defined by Klein and Williams. 

Definition 5.2.1. A monoid in Ex is a parametrized space jz/ G E.x(A, A) with 
parametrized maps 



/x: £/^£/ ^£/ 



and 



i ■■ Ua ^ ^ 



such that 



and 



are the identity and 









^Kl^ ^£/ 

commutes. 

We think of fi as composition and t as the unit. 

Definition 5.2.2. Let £/ and ^ be two monoids in Ex. An ^/-,^-bimodule is 
an object ^ S Ex{B,A) and two parametrized maps 



and 



k' : JT K ^ ^ S" 



that are unital and associative with respect to the monoid structure of £/ and £i§. 
We also require that the actions n and k' commute. 

A monoid .s/ defines an £/-£/ bimodule with left and right actions given by 
the monoid multiplication fx. We will denote this bimodule by U^/ since it is the 
unit in a bicategory. 

A parametrized space ^ over A is trivially a bimodule. Thought of as a space 
over * X A, ^ has a left action by C/* using the obvious isomorphism. It also has 
a right action by Ua using the unit isomorphism 
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Definition 5.2.3. Let JT and ^ be ^-^-bimodules. A map of bimodules is 
a parametrized map / : ^ ^ ^ such that 



idKl/ 



^' 



^ 



and 



^' 



-^^ 



/Klid 



-^ JT 



-^^ 



commute. 



Definition 5.2.4. Let ^ be an ^-^-bimodule and ^ a ^-"^-bimodule. Then 
^ ^ is the bar resolution B(^, ^, ^). This is an j^-'^-bimodule. 

The bar resolution B{^,^,^) is the geometric realization of the simplicial 
ex-space over C x A with n simplices 



face maps 



idjrKidJ"^^^ 



3id?3^ 
id^ H id*5g ^ H^ H id;:^-*-^ K id.y 



for < i < 



9> 



and degeneracy maps 

Si = id.r Kl id'^ Hi H id!^~* Kl idj^ 
We think of ^ ^ as the homotopy coequalizer 

" 3id 



^H^H^: 



JTH^- 



-^^0^ 



idE 



as an ex-space. 

The bar resolution is associative up to isomorphism. To see this recall that 
the geometric realization is a tensor product of functors, see [60]. Then the com- 
parison of B{^,£g,B{'3^,'^,3f)) with B{B{^,£g,^),'^,2r) is a comparison of 
coequalizers. The product .^ ^ is homotopy equivalent to ^ using a simplicial 
homotopy and the extra degeneracy in £§. 

This defines a bicategory ^ex with 0-cells monoids, 1-cells bimodules, and 
2-cells homotopy classes of maps of bimodules. The of Definition 5.2.4 is the 
bicategory composition. The unit associated to a monoid .s/ is that monoid re- 
garded as a j2/-^-bimodule. The involution on this bicategory is very similar to 
the involution on the bicategory of rings, bimodules and homomorphisms. 

5.3. Ranicki duality for parametrized bimodules 

Since the bicategory >^ex is defined using spaces instead of spectra, the def- 
inition of duality has to be modified a little from the definition of duality in a 
bicategory. We imitate the definition of n-duality for parametrized spaces. 

If ^ is a j2/-^-bimodule then JTAS"" and S'"A JT are also ^- ^-bimodules. 

Definition 5.3.1. Let ^ be an ^-^-bimodule. Then JT is n-dualizable if 
there is a ^-j2/-bimodule ^ and maps of bimodules 



V- S-^AU^- 



jr0^ 



and 



e: 



^0^' 



^"AC/^ 
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such that the following diagrams commute stably up to parametrized homotopy 
respecting the module structure. 

o^ 77(7)iH 

5"A^ ^^ (5"AC/^) ^ ^ S- ^ ^ 



7 



id0e 



S-A5" ■< z ^ (^"At/,«) 



^AS" -^^ ^ (^"AC/^) ^^^V ^ jr- r 



(<tA id)7 



€0id 



S"A^ ^ S (5"A[/.5g) ^. 

As before, cr is a map of degree (—1)". 

By neglect of structure any ^-^-bimodule ^ defines an jz^-C/s-bimodule de- 
noted L{^) and a J/A-'^-bimodule denoted R{^). 

Lemma 5.3.2. Let si be a monoid. Then {R{Us!/) , L{U.s^)) is a dual pair. 
The coevaluation map 

Ua -^ R{U^) L{U^) 
is the unit map. The evaluation map 

L{U.^/) R{U.^/) -^ U^ 
is the monoid multiplication. 

The simphcial ex-space used to define R{Uj^)QL{U,s^) has an 'extra' degeneracy 
given by regarding an element of R{Uj^) or L(t/j/) as an element of s/ . This means 
that R{Ui^) L{Uj^) is equivalent to N{U^), the monoid s/ regarded as an Ua- 
t/^-bimodule. 

Costenoble-Waner duality is an example of duality in the bicategory ^ex- The 
Costenoble-Waner dual of an ex-space X over B is the dual of X as a U^,-Ub- 
bimodule in -^ex- 

Costenoble-Waner duality only uses monoids defined using unit isomorphisms. 
The Ranicki dual pair described in Section 3.1 requires less trivial monoids. With 
the discrete topology, (7riM)+ € Ex(*, *) is a monoid. The monoid multiplication 

(7riM)+ Kl (7riM)+ = (ttiM x 7riM)+ -^ (7riM)+ 

is the group multiplication and the unit t: S'^ ^ (ttiAI)^ is the inclusion of the 
identity element of ttiM. The universal cover M+ G Ex(*,*) is a right (ttiM)^ 
module with the right action given by the usual action of ttiM on M. With this 
interpretation, a Ranicki dual for M_|- is a dual for the module M+ in the bicategory 

^Ex- 

We can use the quotient map to regard M as a space over M . In contrast with 
the convention above, we choose to regard (M, 7r)_|- as an element of Ex(*, M). This 
choice is consistent with our later convention for path spaces since we think of M 
as the homotopy classes of paths in M that start at a base point. Then (M, 7r)+ 
is a right (ttiM )+-module. Note that M+ is equivalent to 3% (M, 7r)+. Let *M 
denote the universal cover of M regarded as homotopy classes of paths ending at 
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the base point rather than starting at the base point. Then (*M, 7r)+ is a left 
TTiM-module. 

Lemma 5.3.3. For a closed smooth manifold M we have the following dual 
pairs. 

(t) ((M,7r)+,(,M,7r) + ). 
(m) {M+,Ttt*S'') 

Proof. As before, Tit*S'' is the pushout of the maps M -^ TT*tS^ and M ^ *. 
This is equivalent to ( *M, 7r)+ S'^ . The ex-space 

is equivalent to the coequalizer of the two actions of -kiM on 

(M X M,7r X 7r)+ 

since ttiM acts freely on M . Similarly, 

M+ T7r*S"' 

is equivalent to the coequalizer of the two actions of -kiM on 

M+^Tn*S''. 

The coevaluation map for ((M, 7r)+, ( *M, 7r)+) 

Um -> (M, tt)+ ( ,M, 7r)+ ~ (Af x^,m M, tt x 7r)+ 

is given by to i-^ (7m, 7m) for any lift 7^ of m. This map is well defined since the 
action of ttiM identifies all possible choices. The evaluation map 



( *M, ^)+ (M, ^)+ = {(a, /3) e M X M|7r(a) = ^(/3)}+ ^ t/^, 



M 



is given by {a, (3) i-^- a/3. 

Note that the required diagrams for this dual pair commute strictly and without 
needing to stabilize. This is closely related to the observation above that monoids 
produce dual pairs. 

The second dual pair is the composite of the dual pairs ((M, 7r)+, (*M,7r)+) 
and {SlfjtS"). The coevaluation map 

5" -^^ Tv ^ M+ A^,M T'K*S'' ~M+Q Tt:* S" 

is the composite of the coevaluation, rj, for the dual pair {S'j^j, tS^) and the map 

V^ {lp(v),lp(v),v). 

The evaluation map 

T7r*S"^ M+ ~ Tt:*S'' A M+ ^ {■kiM)+ A S*" = V^^mS'" 

is given by (7,11,0;) i-^ {'^H{a{l),^{Q))a,e{v,a{\))) where e is the evaluation map 
for the dual pair {S%,tS''). The path H{a{l),"f{0)) is defined in Lemma 3.1.4. D 

This lemma completes the proof of Lemma 3.1.3. 
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5.4. Moore loops and bicategories 

In the previous section we defined duality in the bicategory of monoids and 
biinodules in parametrized spaces and gave examples of dual pairs. With the ex- 
ception of the first dual pair in Lemma 5.3.3, the dual pair for the universal cover 
of a manifold regarded as a space over that manifold, we haven't used the flexi- 
bility the bicategory Ex offers. In this section we will begin to exploit this greater 
flexibility. 

One undesirable aspect of using Ranicki duality to describe duality for universal 
covers was the need to choose a base point. There are two ways of dealing with 
this problem. The flrst is to verify that different choices of the base point give 
"the same" dual pairs. The second is to use all possible choices of base point. In 
other words, use objects like the fundamental groupoid rather than the fundamental 
group. The first approach is used in [4, 35] and the second in [11]. We will use the 
second approach here since it will also be useful when defining fibcrwise dual pairs. 

For our topological applications, the fundamental groupoid is not exactly the 
right object. First, we would rather have a space of objects and a space of mor- 
phisms rather than sets. Second, for fibcrwise applications we would rather consider 
all paths than homotopy classes of paths. Instead of the fundamental groupoid we 
will consider a topologized version of the fundamental groupoid and the space of 
Moore paths. 

Let M be a compact manifold and IIM the space of homotopy classes of paths 
in M with endpoints fixed. Topologizc this space using the quotient topology from 
the usual compact open topology on Map(/, M). There is a Hurewicz fibration 
tx s: HM -^ M X M given by 5(7) := 7(0) and ^(7) = 7(1). The fiber product 

UM Xm HM = {(72,71) e UM X nM|7i(l) = 72(0)} 

is a space with a map to M x M given by (72,71) ^^ (72(1), 7i(0)). Composition 
gives a strictly associative map /i : IIM x m HM -^ IIM. This is a map over M x M. 
The inclusion t of M into IIM by constant paths is also a map over M x M if 
M is regarded as a space over M x M using the diagonal map 

A : M ^ M X M. 

We regard IIM Xm M as a space over M x M by the map (7,m) 1-^ (7(1), tti). 
Then IIM Xm M is homeomorphic to IIM as a space over M x M. The map t acts 
as the unit for /x in the sense that the following maps are the identity 

UM ^ UM Xm M -^ UM x UM -^ UM 

UM ^M Xm HM ^ UM x UM -^ UM. 

With a disjoint section, IIM is a monoid in Ex. 

In contrast with the previous sections, we will not use a different notation for 
a path space monoid and that monoid regarded as a bimodule. 

Recall that for an j2/-.^-bimodule ^, R{^) is ^ regarded as a Ua-^- 
bimodule, L{^) is ^ regarded as a jz^-f/s-bimodule, and N{^) is ^ regarded 
as a C/4-C/B-bimodule. 

The parametrized space (IIM, s)+ has a right action of {UM^t x s)+ by com- 
position of paths. Recall that S^ is the fibcrwise one point compactification of the 
normal bundle of M. Then Tms*S'' is defined to be L{UM,t x s)+ tS" . This is 
an ex-space over M, and it has a left action by IIM. 
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The dual pairs in Lcmina 5.4.1 arc the unbascd versions of the dual pairs in 
Lemma 5.3.3. We make this comparison explicit in Lemma 5.4.2. 

Lemma 5.4.1. For a smooth compact manifold M we have the following dual 
pairs. 

(i) {R(nM,t X s)+,L(nM,t X s)+) 
ill) {OlM,s)+,TMS*Sn 

Proof. As noted before R{IlM,t x s)_|_ L(JIM,t x s)+ is equivalent to 
iV(nM,t X s)+. 

The first dual pair is a dual pair arising from a monoid and so this dual pair 
follows from Lemma 5.3.2. The second dual pair is the composite of 

(R(nM, t X s)+, L(nM, t X s) + ) 

with the dual pair (S"^, iS""). 

In (i), the coevaluation map 

Um -^ R(UM, txs)+G L(nM, t x s) + 

is given by to i— > (c,„, c,„) where Cm is the constant path at m. The evaluation map 

L{IIM, txs)+Q R{UM, i X s)+ -> (HM, t x s)+ 

is given by (a, /3) i— > a/3. 

In (m), note that 

{{UM, s)+,Tms*S'') ~ {S°M i?(nM, t X s) + , LiJlM, t x s)+ Q tS"). 

The coevaluation map 

S"" ^Tv^ (HM, s)+ Tms*S'' 

is given by f h^ {'^p{ri{v))TCp(ji(^)),ri{v)), where rj is the Pontryagin-Thom map for 
the normal bundle of M . The evaluation map 



Tms*S'' (HM, s)+ -^ S"AL{UM, t x s)+ Q R{UM, t x s)+ -> S'"A(nM, t x s)+ 
is given by {a,v,l3) ^ (e(w,/3(l)), aiJ(/3(l), a(0))/3) where iJ(/3(l), a(0)) is as in 

D 



Lemma 3.1.4 and e is the evaluation map for (5^,tS'''). 



Lemma 5.4.2. M_|_ is dualizable as a iriM-space if and only if (IIM, s)+ is 
dualizable as a (IIAf , t x s)^ -module. 

Proof. This result follows from Theorems 4.3.4 and 4.3.5. Let a; be a point 
in M and {IlMx,t)+ be the universal cover of M thought of as homotopy classes 
of paths in M that start at x. This has a right action of tti{M, x) and a left action 
of (IIM, t X s)+. This space is dualizable with dual ( ^IIM, s)-|_, the universal cover 
thought of as homotopy classes of paths in M ending at x with a right action by 
(IIM, t X s)+ and a left action by Tri{M,x). This dual pair satisfies the additional 
condition that the evaluation map is an isomorphism. 

Then (IIM, s)+ (IIMj;, t)+ is equivalent to M+ regarded as a right tti {M, x)- 
space. By Theorems 4.3.4 and 4.3.5, M-\- is dualizable as a TTiM-space if and only 
if (IIM, s)+ is dualizable as a (IIM, t x s)4--space. D 
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Recall that VM = {(7,u) £ M[°'°°) x [0, oo)|7(t) = 7(m) fort > u} is the space 
of free Moore paths in M . With a disjoint section, VM is a monoid over M x M 
in Ex. The parametrized space {VM, s)+ has a right action of {VM, t x s)+ by 
composition of paths. 

Lemma 5.4.3. For a compact smooth manifold M we have the following dual 
pairs. 

(i) {R{VM, t X s)+,L{VM, t x s)+) 
{i{) {{VM,s)+,TMS*Sn 

Proof. Tms*S'' is defined to be L{VM, t x s)+ Q S" . 

The first dual pair is a dual pair arising from a monoid as in Lemma 5.3.2. The 
second dual pair is the composite of {R{VM, t x s)-)_, L{VM, t x s)+) with the dual 
pa.iT {Sl„tSn- 

In {i), the coevaluation map 

Um -^ R{VM, t X s)+ L{VM, tx s)+^ {VM, t x s)+ 
is the inclusion of M into VM as constant paths. The evaluation map 

{VM Xm VM,t X s)+ ~ L{VM,t x s)+ QR{VM,tx s)+ -^ {VM,t x s) + 
is given by composition of paths. 
In (m), note that 

{S%QR{VM,tx s)+,L{VM,txs)+QS'') ~ {{VM,s)+,Tms* S"). 
The coevaluation map 

S"' -^^SIjMS" c^Tv^ {VM, s)+ Tms*S'' 

is given by w i-^- (cp^(i;), Cp^(i;), '7(w)) where rj is the Pontryagin-Thom for the cm- 
bedding of M in R". The evaluation map 

Tms*S'' {VM, s)+ ^ L{VM, txs)+& {{M, A)+AS") R{VM, t x s)+ 



S"A{VM,tx s)+ 

is given by {a, v, (3) i— > (e(w, /3(1)), aH{(]{l), a{0))(3) where H is as in Lemma 3.1.4. 

D 

This lemma completes the proof of Lemma 3.3.3. 

Lemma 5.4.3 is very similar to Lemma 5.4.1. In both lemmas a dual pair defined 
using a monoid is composed with the dual pair {S^^, Sv). Let c : VM —^ liM be 
the map that takes a path to its homotopy class with end points fixed. This map 
induces a map 

N{VM, t X s)+) -^ N{\1M, t X s)+ 
and similarly for the corresponding left and right modules. Functoriality implies 
that the following diagrams commute 



N{VM, t X s)+ ^^U- R(VM, tx s)+Q L{VM, t x s)+ 




N{nM, t X s)+ ^^^ R{nM, tx s)+Q L{IIM, t x s)+ 
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L{rM, txs)+Q R{VM, t X s)+ ^ {VM, t x s)+ 



L(nM, i X s)+ i?(nAf , t X s)+ s- (HM, t x s)+ 

Composing with the dual pair {S^,S'^) gives similar diagrams showing compati- 
bility of the dual pairs {{VM,s)+,Tms*S'') and ((HM, s)+,Tms*5"^). 

5.5. Shadows and traces for Ranicki dualizable bimodules 

The shadows in ^ex are very similar to in ^ex- In special cases they are 
a 'derived form' of the semiconjugacy classes of the fundamental group. They also 
relate to the target of the Hattori-Stallings trace. 

Definition 5.5.1. Let 2" be an j2/-j2/-bimodule. Then ((S")) is the cychc bar 
resolution C(.S°,^). 

The maps are induced by 

r, A*(^ H ^) ^ r!A*( jr" ^) ^{.^ ^)) 



Y 
nA*{^ M JT) ^ r,A*(^ JT) ^((^ ^)) 

The target of the shadow functors is the category of [/*-t/*-bimodules. This 
category is also the category of based spaces. 

The cyclic bar resolution C{2^ , s^) is the geometric realization of the simplicial 
based space with n simplices 

r,A*((^)"Hir), 

face maps 

ao = idyl Q^ 

di — idy*~ 0^ id^ ids' for < i < n 

a„ - (id^i 0«')7 

where 7: (^)" H ^ ^ (jz/)"^-'^ Kl i^ Kl ^ is the twist map, and degeneracy maps 

s, = id^ 01 idy idiT • 

As before, we use n-duality to define the trace of a map. 

Definition 5.5.2. Let ^ be an n-dualizable ^-^-bimodule with dual ^, 
coevaluation and evaluation 

rj-.S^'AU^ ^jr0r and e:^0jr ^ S'"At/,«. 

Suppose .^ is a ^/-^-bimodule, ^ is an ^-^-bimodule and /:^0jr-^jr0^ 
is a map of bimodules. Then the trace of / is the stable homotopy class of the 
composite 

((id Qri)) 



((/0i4 
^0^ 

We give examples of this trace in the next section. 



((S" ^ ^))^^((^ 0^0 ^^^^^((^"A^)) 



CHAPTER 6 



Classical fixed point theory 



This chapter implements the plan described in the introduction for proving 
Theorem D, the converse of the Lefschetz fixed point theorem that uses the Reide- 
meister trace. We use the dual pairs from Chapter 5 to interpret the fixed point 
invariants we defined in Chapter 2 as examples of the trace in bicategories with 
shadows. Then we use functoriality to identify the algebraic, geometric, and homo- 
topy Reidemeistcr traces. 

In Chapter 5 we used the results on composites of dual pairs to produce new 
dual pairs. In this chapter we will use the corresponding results for the compatibility 
of composites of dual pairs and traces to compare the based and unbased versions 
of different forms of the Reidemeistcr trace. We also show how to use properties of 
the trace in bicategories with shadows to recover some standard fixed point theory 
results. 

6.1. The geometric Reidemeister trace 

In this section we define the unbased geometric Reidemeister trace using trace 
in a bicategory. For this invariant we use the topologized fundamental groupoid. 
Let / : M ^ M be an endomorphism of a compact manifold and 

U^M = {(7,2;) e UM X M|7(0) == f{x)}. 

There is a Hurewicz fibration txs: H^ M ^ M x M given by 5(7, x) — x, t{j, x) — 
7(1). This defines a (nM,t x s)+-(nM,t x s)+-bimodulc (n-^'M,i x s)+ with the 
usual left action of IIM on itself and the right action given by first composing 
with / and then composing paths. Then (IIM, s)+ (II-^M, i x s)+ is equivalent 
to the right (IIM, i x s)+-module (II-^M, s)+. The map / induces a map of right 
(IIM, i X s)+-modules 

,U ■■ (HM, s)+ -* (HM, s)+ (n^M, txs)+. 

If M is n-dualizable, the trace of /, is the stable homotopy class of the map 

S*" ->((5"A (n/M,t X s)+}9^ 5" A (((n^M,t x s)+)) 

given by V 1-^ {e[r]{v),f{pf]{v))],H[fp{r]{v)),p{r]{v))]) where iJ(/p(77(w)),p(r7(u))) is 
a path from fpr]{v) to prj{v) as in Lemma 3.1.4. 

Definition 6.1.1. The unbased geometric Reidemeister trace, R^'^'^°{f), is the 
element tr(/,) e 7r^(((n/M,i x s)+})). 

Proposition 6.1.2. A choice of base point * G M determines an isomorphism 

iS^-A{UfM,txs)+))^y^^^^^^j,f\ 

Under this identification R^'9''°{f) = R3''°{f). 
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Proof. In Lemma 5.4.2 wc compared the dual pairs 

{{UM,.s) + ,Tms*S'') 

and 

(M+,T7r*S"') 
using a third dual pair, {{IlMx,t)+, {x^M, s)+). The dual pair 

((nM„i)+,(.nM,s)+) 

has the property that the evaluation is an isomorphism. Then the result follows 
from Lemma 4.5.6. D 

Remark 6.1.3. The classical definition of the geometric Reidemeister trace 
described in Chapter 2 suggests that composites of dual pairs might be relevant 
since the geometric Reidemeister trace is defined using the index and information 
about the fundamental group. The index can be defined using the classical dual pair 
of a compact manifold and the fundamental group information can be described 
using a standard dual pair related to the fundamental groupoid regarded as a 
monoid. 

6.2. The homotopy Reidemeister trace 

The A-Ioore paths monoid can also be used to define a trace. Given a map 

f: M ^ M, let 

r^M ^ {(7, u, x) e VM X M|7(0) = f{x)}. 

There are maps s^t: V^ M -^ M given by 5(7, u, a;) — x and t{j,u,x) = 7(m) and 
these define a {VM,t x s)+-{VM,t x s)+-bimodule {V^M.t x s)+ with the usual 
left action of PM and the right action of VM given by first composing with / and 
then composing paths. The right (VM, t x s)+-modulc (VM, s)+ (V^M, t x s)+ 
is equivalent to the right (VM,t x s)+-module (T'-^M, s)+. The map / induces a 
map of right (VM, t x s)+-modules 

/: iVM,s)+ -^ {VM,s)+ {V^M,tx s)+. 

The shadow of (V-^M, t x s) is homotopy equivalent to 

A^M := {(7,u) e VM\-f{0) = /(7(u))} ~ {a G M^\a{0) = /(a(l))}. 

We can see this by an explicit construction of a simplicial homotopy equivalence. 
On the level of the n-simplices the homotopy equivalence is given by 

VM K . . . H VM K V^'M -^ Af'M 

(ai, a2, . . . , an, 7) ^ (aia2 • • • an7) 
with inverse 

71-^ (c,c, ...,c, /(7)) 
where c is a constant path. The homotopy between the identity map and the map 

{{ai,a2,.. ■,an,j) ^ (c, c, . . . ,c,f{aia2 ■■ .Q;„7)) 

is similar to the homotopy used in the comparison of C{7t'^,tt) with ((tt"^)). 
The trace of / is the stable homotopy class of the map 

5" -> S-" A A^ Af+ 
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given by f t— !■ {e{ri{v), fpri{v)), H{f{pri{v)), pri{v))), where rj and e are the coeval- 
uation and coevaluation from the dual pair (Slj,S'^) and H{f{pri{v)), pri{v)) is a 
path from fpri{v) to pri{v) as in Lemma 3.1.4. 

Definition 6.2.1. The homotopy Reidemeister trace, R^*Py{f), is the trace of 
/• 

Proposition 6.2.2. The map 

that takes a path to its homotopy class with end points fixed induces an isomorphism 

nM'P^M,t X s)+))) ^ nM^^M,t x s)+))). 

The image of R^'^Py{f) under this isomorphism is R^'^'^°{f). 

Proof. In Proposition 3.2.3 we defined an isomorphism ttq{X) = Hq{X). The 
maps that define this isomorphism are all natural and so the following diagram 
commutes. 

^oilJ'^MY) - — Tr,{mrf M)).) — ^ H,{Y.\rnd)V) -. — HoUrfM},) 



7rg(((n/M)),). 



■ H,{^%nfM)),) 



HogUfMV) 



-7r,(I]«((n/M))+)- 

Here q is chosen so that the Freudenthal suspension theorem implies that the first 
horizontal maps are isomorphisms. The second horizontal maps are the Hurewicz 
maps. The third maps are the homology isomorphism. The map Ho^V-' M]/,) -^ 
_ffo (((n-^ M))^ ) is an isomorphism since the map {V-^M} -^ {Yl^M} is the map to 
components. Then 

is also an isomorphism. 

At the end of Section 5.4 we showed that the diagrams 



5° 



S%(DUmQ S'' 



{VM, s)+ Tms*S'' 



{nM,s)+QTMS*S'' 



and 



Tms*S'' {VM, s)+ ^S"G L{VM, txs)+G R{VM, txs)+^S"Q {VM, t x s)_ 



Tms*S'' (HM, s)+ ^ S"" L(nM, t x s)+ Q R(nM, t x s)+ ^ S"' (HM, t x s), 
commute. The diagram 

{VM,s)+ ^{pfM,s)+ 



(HM, s)+ *- (IlfM, s)+ 
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also commutes. The compatibility of shadows and these diagrams imply that the 
image of i?''*™(/) under the map to components is R^'^°{f). D 

6.3. The Klein and Williams invariant as a trace 

To identify R^^ (f) with R''*Py{f) we need to fill in some of the details we 
omitted in Section 2.4. We will still not give a complete proof here. All of the 
details can be found in Section 8.2. 

Recall that Sb is the unreduced fiberwise suspension. 

Proposition 6.3.1 (Proposition 2.4.4). There is an isomorphism 
{Sli,SM{r}iN{z)))}M = {^°,A/M+}. 

Sketch of proof. Since M is a closed smooth manifold Corollary 5.1.3 im- 
plies there is an isomorphism 

{sli,SM{r}{N{t)))}M = {s°,ts''QSM{r}{N{i)))} 

where v is the normal bundle of M. 

It remains to identify SM(r*fiN(i))). Let r be the normal bundle of the in- 
clusion of the diagonal of M into M x M. The ex-spacc SMxM{N{i)) is weakly 
equivalent to 

AiS''^{PM,tx s)+. 
Taking puUbacks of both sides gives a weak equivalence 

SM{^}{N{i))) ~ A,S^ K A^'M+. 
Combining this with the isomorphism above, we have an isomorphism 

{s%, SM{r}{N{t)))}M = {5°, s-" m A.s^ h a/m+}. 

By construction the M product S'^^A\S'^ is equivalent to S'^ Am S'^ and this bundle 
is trivial. So we have an isomorphism 

{Slj,SM{r}{N{i)))}M = {5",5"AA/M+}. 

D 

Theorem 6.3.2. Let M be a closed smooth manifold and f:M—>-M a con- 
tinuous map. Under the identification in Proposition 6.3.1 

Proof. To define the stable homotopy Euler class we used the map 

a+ n (T_ : Sli ^ rSMxMN{M xM- A). 

The corresponding map <;: Slj -^ A\S'^ A-^M^ under the identification in Propo- 
sition 6.3.1 takes the section of S^f to the section of AiS*"^ A-^M^ and on the 
other copy of M, 

<;(m) = {{m,f{m)),H{m,f{m))) 
where H{f{m),m) is a path from /(m) to m as in Lemma 3.1.4. 
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Let (f> denote the equivalence in Proposition 6.3.1. Then we have the foUowing 
isomorphisms. 

[Sl,,SMf*N{M xM- A)]m ^^^ [Sli, A,S^ Af M+]m 

F F 

{S%, SMf*N{M xM- A)}m ^' ^ {Sli, A,S^ A/M+}m 

D 

{5°, S"^ SmI*N{M X M - A)} — ^ {S-n, S"' A.S^ A^M+j 

The map -F is the stabihzation isomorphism. The map D is the isomorphism that 
defines the dual pair {S%j,tS'') as in Corollary 5.1.3. 

In the top left corner we have the stable cohomotopy Euler class and in the 
bottom right corner the corresponding map is 

S*" -^^ S" Sli ^^^ S"^ A.5^ kfM+ ~ (S"' Am 5*^) AfM+ - S*" x A^M 

This map is the trace of the map induced by / : M ^ M on the space of free Moore 
paths in M. D 

6.4. Duality for unbased bimodules enriched in chain complexes 

There is an unbased version of the algebraic Reidemeister trace which can be 
defined using the trace in a bicategory with shadows. This invariant was defined 
by Coufal in [10, 11] using a different approach. 

The unbased algebraic Reidemeister trace is an example of the trace in the 
bicategory of categories, bimodules and natural transformations enriched in chain 
complexes of modules over a commutative ring R. In this bicategory the 0-cells 
are categories enriched in chain complexes of modules over R. If ^ and S§ are 
categories enriched in Chu then jz/ i^ is the category with objects ohsz/ x ob,^ 
and morphisms chain complexes given by the tensor product of the morphism chain 
complexes of £/ and ^. The 1-cells are enriched functors of the form 

We refer to functors of this form as j2/-^-bimodules. The 2-cells are enriched 
natural transformations. We denote this bicategory Squ- 

The bicategory composition is the enriched tensor product of functors. If 
^ : J2/ ^°P -^ Q.\\R and ^ : ^ '^"p -^ Ch^ are enriched functors ^ ^ is the 
coequalizer 

Y[ .r (», h'^ 6a .^(h. h') 6a '?V(h. c) U >^m'g>id^ -Q jr(a,5)0^(fe,c). 

b,b' eoh{.^) LI id (8)K.« 6eob(.«) 

This bicategory is the 'many object' generalization of the bicategory of rings, 
chain complexes of bimodules and maps of chain complexes. A complete definition 
of this bicategory can be found in Section 9.2. 

Let M be a connected CW complex and let ZIIM be the category with objects 
the points of M and 7JlM{x, y) the free abelian group on the homotopy classes of 
paths in M from x to y. We have forgotten the topology on IIM. 
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Wc think of ZIIM as a category enriched in chain complexes of abehan groups 
concentrated in degree 0. Define a right ZHM-module 

CM: ZUM -> Chz 

where CM{x) is the cellular chains on the universal cover of M based at x. The 
action of a homotopy class of paths is the chain map that is induced by the action 
on the universal cover. 
Note that 

ZnM{x,x) ^ZTri{M,x) 

and 

CM(x) = CjM). 

Lemma 6.4.1. The right ZHM-module CM is dualizable if and only if the right 
Z'iri{M,x) -module C*{M) is dualizable. 

Let M be a finite, connected CW complex. Then CM{x) is dualizable as a right 
ZnM(x, x)-module for any x G M and CM is dualizable as a right ZHM-module. 

Proof. For any x e M, the groupoid ZUM defines a ZUM-ZIlM{x,x)- 
bimodule ZnM(x, -) and a ZnM(x, a;)-ZnM-bimodule ZnM{-,x). These form 
a dual pair 

{ZUM{-,x),ZUM{x,-)). 
The coevaluation map 

f] : ZnM -^ ZnM(x, -) ZnM(-, x) 

takes a representative a of a homotopy class to (a|ri ^-i o (3^^ , l3 o a\,Q j.i) where /3 

is any path from a(i) to x. This is independent of the choice of /3 since different 
choices are identified by the product. The evaluation map 

e: ZUM{-,x)qZUM{x,-) -^ZUM{x,x) 

is composition. 

Note that CM ZnM{x, -) is isomorphic to CM{x) for any x e M and that 
the coevaluation and evaluation maps for the dual pair {ZIlM{x, —), ZUM {— , x)) 
are isomorphisms. The first statement then follows from Theorems 4.3.4 and 4.3.5. 

For the second part of the lemma it is enough to show that one of the modules 
is dualizable. For any x € M, CM{x) is a finitely generated chain complex of free 
Ztti (M, a;)-modules and so is dualizable with dual iiovazTr^{M,x) (CM(x), Ztti (M, x)). 

Composing this dual pair with the dual pair (ZnM(x, — ), ZnM(— , x)) gives a 
dual pair for CM. D 

This lemma is a special case of Lemma 9.2.5. 

Remark 6.4.2. In the previous section we assumed that M was a closed smooth 
manifold. In this section we assumed that M is a connected finite CW complex. 
The different assumptions only rcfiect that these categories have different 'practical 
generalities' that we want to work in. 
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6.5. The unbased algebraic Reidemeister trace 

Before we can define the unbased algebraic Reidemeister trace we need to de- 
fine the shadow in the bicategory of enriched categories, bimodules and homonior- 
phisms. Let i2° be an ^-^-bimodule. Then ((iF)) is the cocqualizer 



]J £/{a,a')(g)3r{a,a') 



U'*^ 



^ Y[ ^ia,a). 



llii^^°'() 



ae.c/ 



Let / : M 

■'znM 



M be a continuous map and /» the induced map on IHM . Let 

(7a/(/3)). The map f: M ^ M 



Uh^, be the ZHM-ZHM-bimodule defined by Ul{^j^{x,y) = 'inM{f{y),x) with 



action of ZHM ZIIM°p given by (7,a,/3) 
defines a natural transformation 

/, : CM -^ Cf' M -.^CMQ ult. 



The trace of /, in the bicategory of enriched categories, bimodules, and natural 
transformations is a map 

Definition 6.5.1. The unbased algebraic Reidemeister trace of/, i?'^'"'3(/), is 
the image of 1 under the trace of /, . 

Remark 6.5.2. The definition of the unbased algebraic Reidemeister trace is 
not the same as the definition of the unbased algebraic generalized Lefschetz number 
in [11], but it is not difficult to see the invariants are the same. An equivalent 
characterization of a dualizable 1-cell in a closed bicategory implies that the dual 
of CM is HomznM {CM, ZHM) and the coevaluation is 

Z ^ HomznM (CM, CM) ^^ CM HomznAf (CM, ZHM) . 



The unbased algebraic Reidemeister trace is the image of 1 under the map 



iU: 



•.IIM/i 



HomznM (CM, CM) 



(Cf* M HomznM {CM, ZHM)}) 



HomznM (CM, C^'M) " > HomznM (CM, ZHM) C^'*M 
The invariant defined in [11] is the image of f^ under the map 

HomznM (CM, C^'M) %' C^' M HomznM (CAf, ZHM) ^ (Ul^J). 

Therefore the unbased generalized Lefschetz number coincides with the unbased 
algebraic Reidemeister trace. 

The map /, is of the form described in Lemma 4.5.6 and the coevaluation for 
the dual pair (ZHM(x, — ), ZHAi"(— , x)) is an isomorphism so we have the following 
corollary. 
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Corollary 6.5.3. A choice of base point * G M determines an isomorphism 

which takes i?'^'"'9(/) to i?"'s(/). 

6.6. The proof of Theorem D and some properties of the trace 

We can now give a conceptual proof of Tlieoreni D. We will start by connecting 
the geometric Reidemeister trace with the algebraic Reidemeister trace. Here we 
use the functoriality of the trace in bicategories with shadows. 

The rational cellular chains functor is a symmetric monoidal functor which 
commutes with trace. We can use this functor to define a lax functor of bicategories 
C*(— ; Q) : ^Ex -^ S'ch- A monoid £/ in Ex with projection map t x s: £/ ^ A x A 
is taken to the category with objects the set A (forget the topology). For a, a' G A, 
the morphism chain complex is 

a{{txs)-\a,a'):Q), 

the rational cellular chains on the inverse image of (a, a'). An ^-^/'-bimodule 
<^ with projection p x p' is taken to the bifunctor which on a pair of objects 
(a, a') G A X A' is the chain complex C*((p x p')^^{a, a');Q). A map of modules is 
taken to the induced map on cellular chains. 

For any monoid £/ the map (j)s/ is the identity. For bimodules <^ and ^ the 
map (pa: sy is induced by the inclusion maps 

{p,j: X p'r)-\a,a') A [p., x p'^)-\a',a") ^ {p.r)-\a) {p'^r\a"). 

Lemma 6.6.1. The functor C^{—;Q) defines an isomorphism 

z;(n^- M}} -^ ((i(zn/* m))) 

and under this isomorphism R^'^'^°{f) — i?'^'"'3(/). The same functor defines an 
isomorphism 

Under this isomorphism R^'^°{f) — i?"'3(/). 

We can now complete the proof of Theorem D from the introduction. 
Proof of Theorem D. By Lemma 6.6.1 there is an isomorphism 

and under this isomorphism 

R"-i9[f) ^ R3''°{f). 

Proposition 6.2.2 implies R^'^°{f) is zero if and only if i?''*P^(/) is zero. By Theo- 
rem 6.3.2 there is an equivalence 

SMf*N{M xM - l\)c^ AiS*^ KfM+ 

and under this equivalence 

By Corollary 2.4.5 R^^ (f) is zero if and only if / is homotopic to a map with no 
fixed points. D 
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In addition to demonstrating the compatibility of various forms of the Rci- 
demeister trace, we can use the trace in bicategories with shadows to give new 
proofs of various basic results in fixed point theory. These results are applications 
of Lemma 4.5.5 and Lemma 4.5.4. 

Since these results follow from properties of trace in bicategories they hold for 
any of the forms of the Reidemeister trace. 

Proposition 6.6.2. For a product of continuous maps 

Jm X Jn: M X N -^ M X N 
of closed smooth manifolds, one of which is simply connected, 

R{Im X /at) = R{fM) X R{fN). 

This follows from Lemma 4.5.5 and is a very special case of results in [20, 30, 
31, 50]. 

According to [35, L5.2] the Nielsen number satisfies a commutativity prop- 
erty. Let X and Y be compact connected ENR's and f : X ^ Y , g:Y ^ X he 
continuous maps. Then N{g of) — N{f o g). We can recover this result from 
Lemma 4.5.4. 

Corollary 6.6.3. If M and N are closed smooth manifolds and f:M^N 
and g: N ^ M are continuous maps, there is a bijection between the fixed point 
classes of f o g and g o f and under this identification 

R{fog) = R{gof). 

In particular, N{f o g) ~ N(g o /). 

6.7. The Reidemeister trace for regular covering spaces 

In addition to the Reidemeister trace defined using the universal cover, there is 
a Reidemeister trace for all regular covering spaces. The theory for regular covers 
is very similar to the theory for universal covers, except maps do not always lift 
to regular covers. To resolve this problem, we will restrict attention to those maps 
that do have lifts. This means that for a normal subgroup K of ttiM we will only 
consider maps f:M~>M such that 4'{K) C K. Here (p is the same as in Chapter 
2; it is the map induced on ttiM by / after choosing a base point and a path (. 
from that base point to its image under /. 

Definition 6.7.1. [35, III.2.1] Two fixed points x and y of /: M ^ M are in 
the same mod K fixed point class if there exists a lift of / to f/K: M/K -^ M/K 
and lifts of x,y to x,y <E M/K such that f/K{x) — x and f/K{y) = y. 

If K is the trivial subgroup of ttiM, this is the usual definition of fixed point 
classes. 

Lemma 6.7.2. [35, III. 2. 2] Two fixed points x and y are in the same mod K 
fixed point class if and only if there is path j in M from x to y such that 7/(7^"'^) 
is in K . 

Since 0(i^) dK.cj} induces a map 0: ttiM/K -^ iiiM/K. Let (((7riM/7^)'^))be 
the semiconjugacy classes of ttiM/K with respect to the induced homomorphism (/>. 
For each fixed point x pick a path j^ in M from the base point * to x. Then there 
is a well defined injection from the mod K fixed point classes of / to {{ttiM/K)'^} 
that takes a fixed point x to the homotopy class of the path Jx^filx)(- 
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Definition 6.7.3. The mod K geometric Reidemeister trace of/, R^K°{.f), is 
^ i{F,) ■ F, e Ii{7:^MlKf)) 

mod K fixed point classes Fj 

For spaces with a universal cover there is a bijection between regular covers 
and normal subgroups of the fundamental group. These regular covers provide 
more examples of dual pairs. 

Lemma 6.7.4. Suppose M is a space with a universal cover M and M+ is 
dualizable as airiM space. If K <iTriM , then {M/K)-^- is dualizable as a {'KiM)/K 
space. 

Proof. This proof uses a composite of dual pairs. The group ttiM/K has 
actions by ttiM and iiiM /K on both the left and the right. We think of ttiM/K 
as a TTiM-TTiM/ii'-bimodule and tniM/K as a 7riM/i^-7riM-bimodule. Then 

{niM/K,t{T:iM/K)) 

is a dual pair. The coevaluation 

TTiM ^ TTiM/K t{niM/K) 

is the quotient map. The evaluation 

t{TTlM/K) TTlM/K "> TTlM/K 

is composition. 

Note that M+ (ttiM/K) is a cover of M corresponding to the subgroup 
K C TTiM. Since both M+ and ttiM/K are dualizable Theorem 4.3.4 implies the 
composite M/K is duahzable with dual (tiTiM/K) T'K*iy. D 

The proof of Proposition 3.2.3 also implies the following result. 

Lemma 6.7.5. The map induced on homology by the trace of f/K: M/K —> 
M/K is the Mod K geometric Reidemeister trace of f . 

Lemma 6.7.6. The map ((ttiM"^)) -^ {(ttiM/K)'^)) that takes a semiconjugacy 
class to the corresponding mod K semiconjugacy class takes the Reidemeister trace 
of f to the mod K Reidemeister trace of f. In particular, the sum of the coefficients 
of the Reidemeister trace is the Lefschetz number. 

Proof. The map used to define the Reidemeister trace is of the form described 
in Lemma 4.5.6 so this result follows from Lemma 6.7.4 and Lemma 4.5.6. If K 
is TTiM the mod K Reidemeister trace is the Lefschetz number, so the sum of the 
coefficients of R^'^"{f) is the Lefschetz number of /. D 
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Duality for fiberwise parametrized modules 



In this chapter we describe fiberwise generahzations of some of the results from 
the previous two chapters. Unfortunately, since we are now interested in fiberwise 
maps not all invariants defined in Chapter 5 make sense. For example, it is no longer 
possible to choose a base point and so we will now only use unbased invariants. 
Another challenge, and benefit, of the fiberwise generalization is that the invariant 
that gives a converse to the fiberwise Lefschetz fixed point theorem, a generalization 
of the homotopy Reidemeister trace, is much richer than the classical invariant. One 
consequence of this is that it isn't clear what invariants, if any, deserve to be called 
the fiberwise geometric Reidemeister trace or the fiberwise algebraic Reidemeister 
trace. We describe one candidate invariant for the fiberwise geometric Reidemeister 
trace. This invariant was defined by Scofield. It does not give a converse to the 
fiberwise Lefschetz fixed point theorem. 

We define the fiberwise homotopy Reidemeister trace using the approach of 
the previous chapters. This invariant can be identified with the fiberwise invariant 
defined by Klein and Williams. The definitions of these invariants, their comparison, 
and even the proof that these invariants give a converse to the fiberwise Lefschetz 
fixed point theorem arc almost identical to the approach in the classical case. 

7.1. Fiberwise Costenoble-Waner duality 

The bicategory we use to study fiberwise spaces is closely related to the bi- 
category Ex we used to study classical fixed point theory. The 0-cells are spaces 
over B. The 1-cells are spaces over and under the 0-cells. The 2-cells are maps of 
total spaces that commute with the section and projection. This bicategory was 
introduced in [48], where a more sophisticated stable version was also studied. 

More formally, the 0-cells of Exs are spaces over B. That is, a space C with a 
map C ^ B. A 1-ccll from C^B to D~^B is a. space X and maps 

D XbC^^X—^DxbC 

such that the composite pocr is the identity map oi D XbC. For two 1-cells X and 
Y from C to D, a 2-cell from X to y is a map f : X ^ Y such that 

C xb D ^ X s-C xb D 



C xbD ^Y ^CxbD 

commutes. 

As in Remark 1.4.1, for a 1-cell X over C and D we require that X and 
C Xb D are of the homotopy types of CW-complexes, the projection X —^ C Xb D 
is a Hurewicz fibration, and the section CxbD^X is a fiberwise cofibration. 
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When these conditions are not satisfied we implicitly use the model structures and 
approximation techniques from [48] to maintain homotopical control. 

The bicategory composition in Exs is very similar to the bicategory composition 
in Ex. The external smash product of two 1-cells in Exs, written A, is defined by 
taking the fiberwise smash product over the 0-cells. This is not the fiberwise smash 
product over B. If X is a 1-cell from C to D and F is a 1-cell from D to E then 
we define X^Y, a. 1-cell from C to E, as the puUback along A : D ^ D Xb D and 
then pushforward along r : D ^ B oi XAY 



id xrxid id x Axid 

C xbE^ C xbD xbE *-C xbDxbDxbE 



C xbE^, 



XMY ^ (id X A X id)* (XAY) 



id xrxid 



■C xbDxbE 



id X Axid 



^XAY 



^CxbDxbDxbE 



The unit 1-cell associated to a 0-cell C ^ B is (C, A)+ and we will denote this Uc- 

Definition 7.1.1. A 1-cell X in Exs over C is fiberwise Costenoble-Waner 
n-dualizable if there is a 1-cell Y over C and maps 



an 
Db 



-^XMtY 



and 



tY^X^-^A,SV, 



such that 



s^^x ^^ {X mtY)^x tY^ s-^ ^^^ tYm{xm tY) 



xms"" 



XM{tYM X) (amd)-! 

idKle 

S'^MtY ■ 



-^XH AiS'g 



{{tY MX)M tY) 



-^ AiSgHiF 



commute up to fiberwise homotopy over C . 



To give examples of this kind of duality we will need to consider equivariant 
Costenoble-Waner duality. A bundle construction gives a connection between dual 
pairs in the bicategory GEx and dual pairs in the bicategory Ex^. 

Let G be a compact Lie group. There is a bicategory GEx with 0-cells G-spaces. 
The 1-cells in GEx are ex-spaces X with an action by G such that the section and 
projection maps are equivariant. The 2-cells are equivariant maps of total spaces 
that commute with the section and projection maps. The bicategory composition 
is induced from that in Ex. The group G acts by the diagonal action. 

This bicategory also has a stable version and duality in that bicategory has an 
interpretation as ^-duality in GEx. 

Let S^ denote the one point compactification of a representation V of G. 
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Definition 7.1.2. [48, 18.3.1] A 1-ccll X in GEx is y-dualizable for a repre- 
sentation y of G if there is a 1-cell Y in GEx and maps 

S"^ —^XMtY and tFKX— ^AiS*^ 

such that 

s^ ^x-^^^{x^Y)^x y^^y i^y a(x af) 

(CTAid)7 

XhS^ UTT Xh{YAX) S^ AY ^^j^ {YAX)AY 

commute stably up to equivariant fiberwise homotopy. 

Theorem 5.1.2 has a generahzation to the bicategory GEx. 

Theorem 7.1.3. [48, 18.6.1] Let M he a closed smooth manifold embedded in 
a representation V. Then (Slj^S^) is a Costenoble-Waner V-dual pair. 

Let P be a principal G-bundle and B be P/G. Then there is a lax functor 

P: GEx^ ExB. 

This functor takes a G-space F to P Xg F, where PxqF is PxF quotiented 
by the diagonal action of G. On 1-cells and 2-cells P is also given by the functor 
P Xg (— ), which converts an ex-G-space E over a G-space F into a 1-cell in Ex^. 
The section and projection maps of E over F induce section and projection maps 
for P(^) over B. 

Theorem 7.1.4. [48, 19.4.4] If {X,Y) is a dual pair m GEx, {F{X),F{Yj) is 
a dual pair in Exb ■ 

Combining this theorem with Theorem 7.1.3 we have the following result. 

Corollary 7.1.5. Ifp: M —> B is a fiber bundle with compact manifold fibers, 
then the dual of (M, id)+ G Exb(M, *) is the fiberwise one point compactification 
of the fiberwise normal bundle. 

The coevaluation and evaluation maps for this dual pair are similar to those 
for the dual pair in Theorem 5.1.2. The evaluation is defined using the following 
generalization of Lemma 3.1.4. 

Lemma 7.1.6. [12, II.5.17] Let L ^ B be a fiberwise ENR. Then there 
is an open neighborhood W of the diagonal in L x b L and a fiberwise homotopy 
Ht: W —> L such that Hq{x, y) ~ x, Hi{x, y) — y and Ht{x, x) — x. 

For a 0-cell M in Ex^ there is a dual pair ((M, id)+, i(Af, id)+). The coevalu- 
ation map is the diagonal map 

A: M ^ M XbM. 

If p: M — > i? is the map from M to B, the evaluation map is 

p+:M+^S%. 

The dual pair {M+,Tv) in Theorem 1.4.3 is the composite of ((M,id)+, t(M,id)+ 
with the dual pair in Corollary 7.1.5. 
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Since fiberwise Costenoblc-Wancr duality is duality in a bicategory there are 
other descriptions of dual pairs. The only other characterization we will need is 
given in the following corollary. 

Corollary 7.1.7. If{X,Y) is a Costenoble-Waner dual pair in Exb, then the 
coevaluation map of the dual pair induces an isomorphism 

{W X, Z}m -^{W,ZQ tY}B 

for W e Exb(B, B) and Z e Exb{M, B). 

7.2. Ranicki duality for fiberwise spaces 

The bicategory ^exb of monoids, bimodules, and maps in Ex^ is defined ex- 
actly as the bicategory ^ex is defined. The bicategory composition and shadow are 
defined in analogy with the composition and shadow in Chapter 5. We also have 
equivalences of the bar resolutions and cyclic bar resolutions with colimits in some 
special cases. Like dual pairs of spaces and dual pairs in Ex, the dual pairs in Exs 
and dual pairs of modules in Ex^ are defined using n-duality. 

If M is a space over B, p: M — > B, instead of considering the topologized 
fundamental groupoid or the free Moore path space we will use the fiberwise free 
Moore paths, 

VbM ^ {(7,") e MapB(S X [0,oo),M) x [0,oo)|7(t) =7(u)foraUi > u}. 

This is a space over B with the map to B given by (7, u) i-^ P7(0). The space VbM 
is the free Moore paths in M that are each contained in a single fiber over B. This 
space is given the subspace topology from m["'°°) x [0, 00). For more details on 
Maps see [48, 1.3.7]. 

Lemma 7.2.1. If p: M -^ B is a fibration the map 

txs: PbM -^ M Xb M 

given by (t x s)(7,u) ~ (7(1*), 7(0)) is a fibration. 

To minimize notation we will use paths rather than Moore paths in this proof. 

Proof. We must show that all diagrams 

X ^PbM 

{t,s) 

X X I ^ M Xb M 

H 

have a lift k. 

The map / has an adjoint / : X x I ^ M which satisfies p(f(x, t)) — p{f{x, 0)) 
for all X d X, t E I. Let H = Hi Xb Hq- Since the diagram commutes / 
must also satisfy f{x,0) = Ho{x,0) and f{x,l) — Hi{x,0). Let J be the subset 
(0, /) U (/, 0) U (1, /) of / X /. Then a lift k in the diagram above corresponds to a 
lift k in the diagram 

X X J— ^ — ^M 



X X I X I :-^ B 

H 
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where g: J x X ^ M is defined by 

g{x,0,s) = Ho(x,s) 
gix,t,0) = f{x,t) 
g{x,l,s) = Hi{x,s) 

and H{x,t, s) — pHi (x, s) 

Let (j>: XxJxI^XxIxI he Si homcomorphism such that 



X X J- 



-^X X I X I 





X X J X I 
commutes. Then there is a lift k in the diagram 

q 

X xJ 



X X I X I 



since p2 is a fibration, and k < 




defines the hft k. 



D 



Composition of paths gives a strictly associative product VbM Xm VbM -^ 
VbM. The inclusion of M into VbM is the unit. Adding a disjoint section to 
VbM gives a monoid in Ex^. 

Recall that for a monoid £/, R{£/) is £/ regarded as a right jzZ-module and 
L{£/) is £/ regarded as a left jz/- module. 

Corollary 7.2.2. Let M ^ B be a fiber bundle with compact manifold fibers. 
Then we have the following dual pairs. 

(i) {R{VBM,t X s)+,L{VBM,t X s)+) 
(li) {{VbM,s)+,Tms*S''^). 

Proof. Here TMS*Slf is defined to be L{VbM, txs)+Q S^f where i^b is the 
fiberwise normal bundle of M over B and S'^ is the fiberwise one point compacti- 
fication of i^b over M. 

The first of these dual pairs comes from the monoid {VBM,t x s)^ as in 
Lemma 5.3.2. The second is the composite of the dual pairs 

WMj i^M ) 

and 

{R{VBM,t X s)+,L{VBM,t X s)+). 

D 



CHAPTER 8 



Fiberwise fixed point theory 



In Chapter 6, the corresponding chapter for classical invariants, we described 
many invariants and gave several applications of trace in bicategories. This section 
is much shorter. One of the reasons is that based invariants cannot be defined 
for fiberwise space. Another is that is not clear what invariants should be the 
generalization of the algebraic and geometric Reidemeister traces. 

In contrast to the algebraic and geometric Reidemeister traces, the homotopy 
Reidemeister trace has a straightforward fiberwise generalization. The invariant 
defined by Klein and Williams also has a fiberwise generalization and their proof 
of the converse to the Lefschetz fixed point theorem easily generalizes. 

8.1. Fiberwise fixed point theory invariants 

The fiberwise homotopy Reidemeister trace is based on the fiberwise free Moore 
paths monoid. This is the Nielsen-Reidemeister invariant defined by Crabb and 
James in [12, II. 6] and in Section 8.3 it is identified with the invariant defined by 
Klein and Williams in [37]. 

Let M — > i? be a fiber bundle with dualizable fibers and / : M — > M a fiberwise 
map. Then / can be used to define a monoid {VgM,t x s)_|_ in Ex^. This is 
analogous to the definition of {V-^ M, t x s)+. The map / also defines a map of right 
{PbM, t X s)+ modules 

/: {VbM, s)+ ^ {PbM, s)+ {viM, t x s)+. 



Definition 8.1.1. The fiberwise homotopy Reidemeister trace, i?^^^(/), is the 
trace of /. 

The fiberwise homotopy Reidemeister trace is a fiberwise stable map over B 

S" xB-^ ((5" A (ViM, t X s)+)). 

The shadow of {VgM, i x s) is equivalent to 

A^M = {7 e M^|/(7(l)) - 7(0), p(7(t)) -M7(0)) for alii G /}. 

The fiberwise homotopy Reidemeister trace is a very rich invariant and it should 
be possible to use this invariant to define other, simpler, invariants. One invariant 
we can extract from the fiberwise homotopy Reidemeister trace is the fiberwise 
Nielsen number defined by Scofield. 

The fiberwise homotopy Reidemeister trace is a map 

S*" X S ^ 5" A A^M+. 
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Each connected component of A^M has a map to B and so we get a map 
Hq(B+) = Hn{S" A (B+)) ^- Hn{S^ A A^M+) -^ (SH„{S" A (B+)) ^ (SHoiB+) 

where (j) is induced by the decomposition of AgM^ into path components followed 
by the map to B. The image of this map on one component Hq{B) in (BHq{B) is 
the fiberwise index of the corresponding 'fiberwise fixed point class'. The fiberwise 
Nielsen number is the number of fiberwise fixed point classes with nonzero index. 
Scofield showed this invariant does not give a converse to the fiberwise Lefschetz 
fixed point theorem. 

Example 8.1.2. [58, V.3.16] Let f:S^xS^->S^xS^hc the map /(6,z) ^ 
(6, 5^'*z). If S^ X S'^ is a space over S^ via the first coordinate projection, / is 
a fiberwise map. All maps fiberwise homotopic to / have a fixed point, but the 
fiberwise Nielsen number of / is zero. 

8.2. The converse to the fiberwise Lefschetz fixed point theorem 

In this section we describe the fiberwise generalization of Klein and Williams' 
proof of the converse to the Lefschetz Fixed Point Theorem. The intuition and 
general structure here are identical to that in Section 2.4. 

Proposition 8.2.1. [37, 22] Let M -^ B be a continuous map. Then fiberwise 
homotopies of a fiberwise map f : M ^ M to a fixed point free map correspond to 
liftings which make the diagram below commute up to fiberwise homotopy. 

M XbM - A 



M ■ 



-^M XbM. 



Here T f is the graph of f . 

Proof. Let (Top*/S) (M,M) be the fiberwise maps M ^ M that are fixed 
point free. Let projj^ : M Xg M ^- M be the first coordinate projection. We have 
the following map of fibration sequences. 



(Top7B)(M,M)C 

graph 

(Top/B) (M,M XbM - A)^ 

proji, 

(Top/B)(M,M)^^ 



-^ (Top/B) (M,M) 

graph 

(Top/B)(M,M XbM) 

Proji, 

^ (Top/B) (M,M) 



The fibers are taken over the identity map. 

The top square is homotopy cartesian and so the homotopy fibers of the inclu- 
sions 

(Top7B)(M,M) -^ {Top/ B){M,M) 
and 

(Top/B)(M, M XbM - A)^ (Top/ B){M, M XbM) 
coincide up to homotopy. D 
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We can convert this lifting question into a question about the existence of 
sections. For a fiberwise map f : X ^ Y, let rB{,f) ■ Nsif) -^ Y he a Hurewicz 
fiberwise fibration such that 



NbU) 




commutes and X -^ NB{,f)is an equivalence. Liftings up to fiberwise homotopy in 
a diagram 

X 

f 

z'-j^Y 

correspond to sections of the fiberwise fibration g*NB{f) -^ Z. 

Suppose p: E — > M is a fiberwise Hurewicz fibration over a space B. The 
unreduced fiberwise suspension of E over M is the double mapping cylinder 

SmE := M X {0} Up Ex [0, 1] Up M x {1}. 

This has a map to M. Let 

cr_,(j+: M ^ SmE 

be the sections of SmE -^ M given by the inclusions of M x {0} and M x {1} into 

SmE. 

Proposition 8.2.2. If E -^ M admits a section then (T_ and a^ are homotopic 
over M . 

Conversely, assume M ^ B is a fibration, p: E ^ M is (r + l)- connected, and 
M is a cell complex over B of dimension less than or equal to 2r + 1. If cr_ and 
(7+ are homotopic over M , then p has a section. 

For the definition of a cell complex over B, see [48, 24.1]. 

Proof. li E ^ M admits a section (; this section defines a map 

Sm^: SmM ^M xI ^ SmE 

which is a homotopy over M between a^ and aj^ . 

Let Xi = M Up {E X [0, 1/2]) and X2 ^ M Up {E x [1/2, 1]). Then 

SmE = Xi U£;x{i/2} X2. 

Since p: E ^ M is {r+ l)-connected the pairs {Xi, E) and {X2, E) are also (r+ 1)- 
connected. By the Blakers-Massey Theorem, for any choice of base point, 

tt,{Xi,E)^tt,{SmE,X2) 

is an isomorphism for « < 2r + 2 and a surjection for « = 2r + 2. 

From the pairs {Xi,E) and {SmE,X2) we get two long exact sequences of 
homotopy groups for any choice of base point in E 

...^ 7r,{E) -^ TT,{Xi) ^ n,{Xi,E) -^ n,^i{E) -^ . . . 

■■■ ^ 7rj(X2) -^ TTi{SmE) -^ TTi{SmE,X2) -^ TTi-i{X2) -^ ... 
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Diagram chasing and the isomorphism from the Blakers-Massey Theorem give an 
exact sequence 

T^2r+l(E) -^ Tr2r+l{Xi) ® TT2r+l{X2) ^ 7r2r+l (S'm-B) -^ Tr2r{E) -^ 

The exact sequence continues to the right but does not continue further to the left. 
Using the retractions of Xi and X2 to M we get an exact sequence 

7r2r+l(S) -^ T:2r+l{M) © 7r2r+l(M) -^ TT2r+l{SME) ~^ TT2r{E) -^ . . . . 

We would like to compare E to the homotopy puUback of the maps c- and cr+ . 
The homotopy puUback P is the puUback in the diagram 



P 



a'_r{<y+) 



M ■ 



■ NM 
SmE 



where r{a+) : NM -^ SmE is the map cr+ : M ^ SmE converted into a fibration 
(not necessarily a fiberwise fibration). The map a*Lr(ijj^) : P ^ M is also a fibration 
with the same fiber. 

For any choice of base point in P we get two long exact sequences associated 
to these fibrations 

. . . ^ 7:,{F) ^ 7r,{NM) ^ 7r,{SME) ^ 7r,_i(F) ^ . . . 

. . . ^ 7r,{F) ^ TT,{M) -> TT,{P) ^ ^,_i(F) ^ . . . 

where F is the fiber of r(CT+). The same diagram chase as above gives a long exact 
sequence 



Tl,{P) -^ ^,(M) ©7r,(M) -^ TT^iSME) -^ ^T^-l{P) 



The diagram 



E- 



-^M 



M- 



o'+ 



' SmE 



is commutative up to preferred fiberwise homotopy given by the homotopy from 
(T_ to (T+ and so there is a map q: E ^ P such that 



E- 




CJ"lr(cr-j-) 



M 



commutes. In particular, g is a fiberwise map over B. By comparing our exact 
sequences we see that for any choice of base point in E, g, : TTi{E) -^ T^i{P) is a 
bijection for i < 2r + I and a surjection for i ^ 2r + I. 

If [— , — ]b denotes (unsectioncd) fiberwise homotopy classes of fiberwise maps, 
the fiberwise Whitehead theorem [48, 24.1.2] and the fact that the map E ^ P is 
(2r + l)-connected imply that 

g,: [M,E]b^[M,P]b 
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is a surjection. The fibcrwisc homotopy between the sections cr_ and cr+ defines 
a fiberwise map h: M ^ P and so there is a fiberwise map ^■. M —^ E such that 
gij : M -^ P is fiberwise homotopic to h. Then 

idM —B o'-^(f+) ohc^^B (^-r{a+) o q o <; c:^^ p o q 

We can use the fiberwise homotopy lifting property of p to deform <; into an actual 
section. 

D 

We now assume that all spaces over M are sectioned and all maps over M 
preserve this section. In particular, SmE is an ex-space over M with section a- 
and the notation [— , — ]_b is now used for the sectioned fiberwise homotopy classes 
of maps. 

There is a fiberwise fibration replacing the inclusion 

i: M Xb M - /\ ^ M Xb M 

that is also a Hurcwicz fibration of spaces. Since i can be replaced with a map that 
is both a fibration and a fiberwise fibration 

[Slt,SMTf4NM{M xbM- A))]m 

is both the fiberwise homotopy classes of maps and the maps in the homotopy cat- 
egory for a model structure, see [48, 9.1]. This connects the geometric description 
above with duality in Ex. 

The candidate for the fiberwise fibration replacing i is the map 

(M xb M - A) XMy.BM Pb{M Xb M) ^ M Xb M 

where {M Xb M - A) XmxbM Pb{M Xb M) is 

{((TOi,m2),7) e (MxbM-A) xPb(MxbM)|7(1) = (mi, ma)} 

and the map to M Xg M is given by evaluation at 0. For this result we use the 
path space rather than the space of Moore paths. 
We need a preliminary lemma. 

Lemma 8.2.3. Suppose pi: Ei -^ B and P2'- E2 -^ B are fibrations and 
f : El ^ E2 is a map over B. Then the map 

s: El XE, PbE2 - {(e,7)l7(l) - /(e)} ^ E2 
given by (6,7) i-^ 7(0) is a fibration. 

Proof. Recall that PbE2 is the subspace of paths in E2 consisting of paths 7 
such that P2{l{t)) = ^2(7(0)) for all t G /. 

The space Ei Xe^ PbE2 is the puUback of 

PbE2 



/xid 

El Xb E2 ^ E2 Xb E2 

and the map Ei XE2 PbE2 -^ E2 is the composite of 

id X s : Pi XE2 PbE2 ^ Pi x^ P2 
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and the second coordinate projection 

projj: El Xb E2 -^ E2. 

So it is enough to show that both of these maps arc fibrations. 
The projection map is a fibration since it is the puUback 

El Xb E2 *- El 

proJ2 Pl 

E2 ^ B 

along a fibration. Lemma 7.2.1 shows that t x s: PbE2 -^ E2 Xb E2 is a fibration. 
This imphes Ei x^^ PbE2 -^ Ei x b E2 is a fibration. D 

Lemma 8.2.4. Let p: M ^ B be a fiber bundle. Then there is a fiberwise 
fibration replacing the inclusion 

M Xb M - A—> M Xb M 

that is also a Hurewicz fibration. 

Proof. Since p: M ^ B is a bundle there is a cover {Ui} of B and homco- 
niorphisms fi : p^^{Ui) -^ F x Ui. The maps fi are maps to a product so projection 
to F gives maps 

f,,F:p-\U,)^E 

The fiber product q: M Xb M -^ B is locally trivial with respect to this open 
cover and the trivialization homeomorphisms are 

.fi,F X fi^F X p: q^^{Ui) —> F X F xUi 

These homeomorphisms restrict to give a local trivialization of 

M Xb M - A^ B 

since the maps fi^p are injective. So M Xg M — A ^ i? is a fiber bundle with fiber 
F X F — A. Then Lemma 8.2.3 completes the proof. 

D 

Under the assumptions in Proposition 8.2.2, the fiberwise Freudcnthal suspen- 
sion theorem gives the following isomorphism: 

[S]^, SmE]m — {Sm7 SmE}m- 

If we further assume that M ^ _B is a space over B such that S^^ is Costenoble- 
Waner dualizable in Exs with dual Tm,b, then we have an isomorphism 

{5^, SmE}m — {Sb, Tmm SmE]b- 

Definition 8.2.5. [37, 4.3] Let E and M be as in Proposition 8.2.2 and assume 
S'^ is Costenoble-Waner dualizable in Ex^. The fiberwise stable homotopy Euler 
characteristic oi p: E -^ M is the class 

Xb{p) e {S%, Tm,b SmE}b 

which corresponds to the map 

a+ n CT_ : S]^ -^ SmE 

via the isomorphisms above. 
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If M is a space over B, f: M ^ M is a fiberwise map, and 

i: M Xb M - A ^ M Xb M 

is the inclusion we denote the fiberwise stable homotopy Euler characteristic of 
T}rBi^)hyR^^{f). 

Corollary 8.2.6. Let f : M -^ M be a fiberwise map of a smooth fiber bundle 
with compact manifold fibers F. If diin(i3) < dini(_F) — 3, the map f is fiberwise 
homotopic to a fixed point free map if and only if Rg^ (/) is trivial. 

Remark 8.2.7. In [22] Fadell and Husseini defined a different fiberwise invari- 
ant using obstruction theory. For this invariant they require that the dimension of 
the fiber is at least three. 

8.3. Identification of R^^ with i?''*™ 

Let tb be the fiberwise normal bundle of the inclusion of the diagonal into 
M Xb M . Regard the sphere bundle S{tb) and the disk bundle D{tb) as spaces 
over M Xb M hy inclusion. Let NbS{tb) and NbD{tb) be the total spaces of the 
fiberwise fibrations corresponding to the inclusions. Also using this notation, let 
Nb{M Xb M — A) be the total space of the fiberwise fibration corresponding to 
M Xb M - A^ M Xb M. 

Lemma 8.3.1. As an ex-space over M Xb M, Sm-kbmNb{M Xb M — A) is 
weakly equivalent to AiS*"^^ {VBM^t x s)+. 

Proof. There is a fiberwise homotopy cocartesian square 

S{tb) >-D{tb) 



M Xb M - A ^ M Xb M 

This is a diagram of inclusions over M XbM. Replacing all of the maps to M x ^ M 
by fibrations, we get the following fiberwise homotopy cocartesian square. 



NbS{tb) ^ NbD{tb) 



Nb{M XbM - A) *- M XbM 

The fiberwise homotopy cofiber [12, II. 2. 1] of the bottom arrow is 

SMy.nMNB{MXBM~A) 

This is weakly equivalent to the fiberwise homotopy cofiber of the top arrow. 

The top arrow is a fiberwise cofibration. To see this, observe that the inclusion 
S{tb) -^ D{tb) is a cofibration. Pulling back along 

s: Vb{M XbM) ^ M XbM 

preserves cofibrations and in this case converts a cofibration into a fiberwise cofibra- 
tion. The fiberwise homotopy cofiber oi NbS{tb) -^ NbD{tb) is weakly equivalent 
to its fiberwise cofiber. The fiberwise cofiber is 

NbD{tb)/ — {(7,m) e VBiM XB M)\-f{u) G D{tb)}/ - . 
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Here 71 ^ 72 if 71 (mi), 72(^2) G S{tb) and 71 (0) — 72(0). 
There is a map 

NbD{tb) ^ {VsM^tx s) XM iD{TB),Aop) xm {PBM,t x s) 
given by 

(71,72) i-> (72~^ (71 (mi), 72(^2)), i?(7i(ui), 72(w2))7i)- 
The path i?(7i(ui), 72(^2)) is as in Lemma 7.1.6. This map descends to an equiv- 
alence 

NbD(tb)/ > {VbM, txs)+Q A,S^^ {VbM, t x s)+. 

The inclusion of M into VbM as constant paths defines a map 
iM,A)+^{VBM,txs)+. 

This map is an equivalence and so there is an equivalence between ND(tb)/ ^ and 
A,S^^Q{PBM,txs) + . 

D 

When we defined the stable homotopy Euler characteristic we pulled the fibra- 
tion back before taking the fiberwise suspension. These operations commute, so 
we have a weak equivalence between SMf*N{M Xb M - A) and AiS"^^ A;^M+ 
where 

A^M = {(7,«) e 7'bM|/(7(w)) = 7(0)}. 

This is a space over M by 7 1-^ l{u)- 

Theorem 8.3.2. Let M ^ B be a smooth fiber bundle with compact manifold 
fibers and f : M ^ M a fiberwise map. Then there is an isomorphism 

{S%,Tm,b SmE}b - {S%, S" Ab A^M+}b 
and under this isomorphism 

Proof. To define the stable homotopy Eulcr characteristic we used the map 

a+\Ia-: Slj -^ fSMx^MNBiM Xb M - A). 

The corresponding map <^: 3*1^ -^ AiS^^ A;^M+ takes the section of S^^ to the 
section of AiS"^^ A^M^. On the other copy of M, i; is defined by 

<r(m) = {{m,f{m),H{f{m),m)) 

where H is as in Lemma 7.1.6. 

Let 4)B be the weak equivalence of Lemma 8.3.1. Then the following diagram 
of isomorphisms commutes. 

[Slj,SMrNB{M xbM^ A)]m — ^ [5°^, A!5^« A^M+]m 

F F 

w 

{Si,, SMf*NB{M xbM^ A)}m 1^^-^ {sl,, A^S^^ A^M+}m 



D 



D 



{S%,Tm.b SMf*N{M xM- A)}b^.j^^{S%,Tm^b A,5-« A^M+}b 
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The stabilization map F is an isomorphism because of dimension assumptions. The 
map D is the isomorphism from Corollary 7.1.7. 

In the top left corner we have the stable cohomotopy Euler class and in the 
bottom right corner the corresponding map is 

5*^ -^^ Tm,b Sm ^^^ Tm,b AiS^^ A^M+ = S'"AbA^M+ . 

This map is the trace of a lift of f:M -^ M to the space of fiberwise Moore 
paths. D 

Proof of Theorem E. By Theorem 8.3.2 

By Corollary 8.2.6, Rs^if) is zero if and only if / is homotopic to a map with no 
fixed points. D 



CHAPTER 9 



A review of bicategory theory 



In this chapter we wiU give several examples of bicategories with shadows. We 
used the bicategories in Sections 9.2 and 9.4 earlier. The other examples in this 
section are not necessary for what came earlier, but they may be helpful as an 
alternative source of motivation. 

The first example, in Section 9.1, can be interpreted as a generalization of 
the bicategory of rings, bimodules, and homomorphisms to a symmetric monoidal 
category that is not the category of abelian groups. 

The example Section 9.2 is also a generalization of the bicategory of rings, 
bimodules, and homomorphisms and of the example in Section 9.1. It is an enriched 
version of the bicategory of categories, bimodules, and natural transformations. In 
this context a bimodule is an enriched functor 

where "^ is a symmetric monoidal category and £^ and ^ are categories enriched 
in "V . This is the 'many object' version of the bicategory of rings, bimodules, and 
homomorphisms and was used to define the unbased algebraic Reidcmeister trace. 
The example of Section 9.3 is the internal version of the bicategory of categories, 
bimodules, and natural transformations. The last example comes back to the def- 
initions of Section 9.1 and is a generalization of these definitions from symmetric 
monoidal categories to bicategories. 



9.1. Bicategory of enriched monoids, bimodules, and maps 

In this and the following two sections we will describe three bicategories that 
can be defined from a symmetric monoidal category. These bicategories all have 
shadows and any symmetric monoidal functor induces a lax functor of the associated 
bicategories that is compatible with shadows. 

For this section and the two that follow let Y hea. symmetric monoidal category 
with unit object /, tensor product ®, and symmetry isomorphism 7. The category 
y must also have all colimits. 

A monoid in "f is an object A in 'f with maps /i: A(E) A -^ A and t: / — > A 
which are unital and associative. An A- B -bimodule is an object X va Y with a 
pair of maps ka'- A®X ^> X and kb'- X (g) B ^ X that are unital and associative 
with respect to the maps fi and l for A and B. We also require that 

k,b{ka ® ids) = HA(}dA ®hb)- 
77 
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Let X and Y be yl-i?-bimodules. A map f : X ^Y vnY is a map of bimodules 
if the following diagram 

A^X^^X 



id®/ 



/ 



A(g)Y^^^^Y 
and the eorresponding diagram for the map kb commute. 

Definition 9.1.1. Let X be an A-B-bimodule and Y a i?-C-bimodule. Then 
X QY, an j4-C-bimodule, is the coequalizer 

KB(8id 

X(SB(SY r X(g)Y -^^ XqY. 

id®KB 

The left module structure is induced by the map ka 'S) id and the right module 
structure is induced by id®Kc. 

Define a bicategory yi^f with 0-cells the monoids in Y and yi^f{A, B) the cate- 
gory of i?-A-bimodules and bimodule maps. The product is described in Defini- 
tion 9.1.1, and the unit functor associated to a monoid A is that monoid considered 
as an A-A-bimodule using the monoid multiplication ji} 

Duality in this bicategory was considered in [53, 2.1]. 

The bicategory jVy is symmetric with involution t. For a monoid A, tA is A 
as an object of i^ and has multiplication given by 

A® A — ^ A® A — ^ A. 
For a module X , tX is X as an object of Y and the multiplication is given by 

A®X — ^ X (g) A '^^> X. 
Definition 9.1.2. For Z e ^r{A,A) the shadow of Z, {Z\ is the cocquahzer 

A®Z=^Z ^{Z)) 

The target of the shadow is the category Y . This is also the category of I-I- 
bimodules where / is regarded as monoid using the unit isomorphism. 
Let X be an ^-B-bimodule and Y a i3-A-bimodule. Noting that 

A®{XQY) = {A®X)(dY, 

the natural transformations 9b. a are induced by: 

A® XQY r XQY ^{X Q Y)) 



{(YQX) 
where the map X QY ^((Y Q X)) is induced by the composite 

X®Y ^Y®X^YQX^{^QX)). 



An alternative bicategory composition and shadows for these 0-cells, 1-cells, and 2-cells is 
described in [49]. This is related to the hoinotopy colimits we used earlier. 
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Let Ab be the category of abelian groups. The monoids in Ab are the associative 
rings with unit and is the usual tensor product over a ring. The bicategory .jy^b 
is Mod, the bicategory of rings, bimodules, and homoniorphisnis. The bicategory 
-^odfl is the bicategory with 0-cells algebras over R, 1-cells bimodules and 2-cells 
homomorphisms . 

Let Ch be the category of chain complexes of abelian groups and chain maps. 
A ring R, thought of as a chain complex concentrated in degree 0, is a monoid in 
Ch. Then ^ch{Z, R) is the category of chain complexes of left i?-modules and chain 
maps. The functor is the usual tensor product of chain complexes over R. 

Definition 9.1.3. Let F: Y ^ '^ he a lax monoidal functor. Define a lax 
functor of bicategories yi^r -^ jVa/j, as follows. 

(«) If j4 is a monoid with composition [i: A® A ^> A and unit i: I ^ A then 
FA is a monoid with composition 



and unit 



FA ® FA — -^ F{A ® A) — -^ F 



V ^ F(/) -^ F{A) 



(a) If X is an A-B-bimodule with action ka- A® X ^ X by A and action 
Kb'- X ^ B -^ X by B then FX is an i^A-Fi?-bimodule with action 
F{KA)<i) by F{A) and action F{KB)(f) by F{B). 

(iii) The natural transformations 4'x,y are induced by 0. 

(iv) The natural transformations (j)^ are the identity. 

Lemma 9.1.4. The lax functor induced by a lax symmetric monoidal functor is 
compatible with shadows. 

Proof. The natural ina.p{FX} -^ F((X))is defined using the following diagram. 
FX FA ; FX ^ (FX)) 

F(ka) ^ 

F{X ® A) I FX ^ F{X)) 

F(ka)i 

D 
9.2. Bicategory of enriched categories, bimodules, and maps 

In some ways the examples in this section and the following section are modeled 
on the 2-category of categories, functors, and natural transformations, but this 
is not the most helpful motivation. It is much more useful to think about the 
bicategory of rings, bimodules, and homomorphisms and view these bicategories as 
"many object" generalizations. 

A category s^ is enriched in Y if for each a, 6 G ob(j2/), ^(a, b) e ob(';^) and 
for a,b,c d ob(j2/) composition 

s/{b, c) £/{a, b) -^ s/{a, c) 

is a map in 'f. We also require that for each a G ob(^), there is a map / — > =2/(0, a) 
in Y and these maps and the composition maps satisfy unit and associativity con- 
ditions. For more details see [36, p. 23]. 
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For two enriched categories si and SS, an enriched £/-.^-bimodule is an en- 
riched functor ^ : £/ ^ ^°p -^ Y. It consists of an object ^{a, b) in y for each 
a e ob(^), b G ob(^) and maps 

k: £/{a, a') (g) ^(6, b') -^ y{^{a, b'), ^{a', b)) 

in y . These maps must be compatible with composition and the unit objects in .s/ 
and M. Functors of this form are sometimes called distributors. 

As discussed in the beginning of this section, these objects should be thought of 
as many object generalizations of monoids and bimodules. This is reflected in the 
use of the term bimodule here and is compatible with the previous use in the sense 
that a category with one object enriched in "^ is a monoid in Y and a bimodule 
(enriched functor) from a pair of categories each with one object is a bimodule 
(l-ceh in ^^). 

Let <^, ^ be ^-^-bimodulcs. An enriched natural transformation is a collec- 
tion of morphisms in y 

{Sa,b- ^{a,b) -^ ^(a,6) e Morr}aeobK),6Gob(.®) 
such that the diagram below commutes for all a, a' e ob(j2/) and b, b' e ob(^). 

^(a, a!) ® 3§{b, b') — ^^ y{^{a, b'), ^{a', b)) 

^(id,<5„/,i,) 

y{^{a, b'), ^{a', b))—^y{.Sr{a, b'), ^(a', b)) 

Definition 9.2.1. Let S" be an s/-^ bimodule and ^ a ^-"^ bimodule. Then 
<^ ^ is the jz/-*^ bimodule defined by the coequalizer. 

Y[ ^(a,6')®^(6,6')®^(6,c)^^^f^!^_^ ]J jr(a,5) eg) ^(6,c). 

6,b'eob(.a?) IJid8)K,« bi£oh(Sg) 

The jzZ-'^-bimodulc structure is induced by the map 

£/{a, a') '^{c, c') ^^ y{^{a, b) ® ^{b, c'), ^{a', b) ^{b, c)) 
^ y{.r{a, b) ® ?V{b, c'), X ^(a, c')) 

This is the usual tensor product of functors except the first coproduct is indexed 
over pairs of objects rather than morphisms since ^(a, a!) is an object in y rather 
than a set. 

We define a bicategory S-y with 0-cells categories enriched in y ^ 1-cells enriched 
bimodules, and 2-cells enriched natural transformations. The product for Sf is 
given in Definition 9.2.1. For any category ^ enriched over y define an s^-si- 
bimodule by Us!/{a,a') — £/{a',a) e y. The associativity of composition gives a 
single map 

£/{a, a') £/{b', a) £/{b, b') -^ £/{b, a'). 

Using symmetry and the y{—, — ) — adjunction, we get a map 

£/{a, a') £/{b, b') ^ y{£/{b', a), £/{b, a')). 

The target of this map is y{Us^{a, b')Uw{a\ b)) and this gives the required action. 
This is the unit functor for Sy. 



9.2. BICATEGORY OF ENRICHED CATEGORIES, BIMODULES, AND MAPS 81 

The bicategory Sy is symmetric with involution t which takes a category si 
to its opposite. For ^: £/ ^"^ -^ r, i^: ^°p ® {ji/°P)°P -» ^ is defined by 
t^{b, a) = .Sr{a, b). The map 

^"^(6, 6') eg) j/°P(a, a') -^ y{t,^{b, a'),t3^{b', a)) 

is the symmetry map 7 in "^ composed with the action of ^ and iiS on Y . 
This bicategory also has shadows. 

Definition 9.2.2. [11, 2.2.5] Let ^: ^ » £/°'p -^ f he an ^-^-bimodule. 
Define the shadow of jF, ((iF)), to be the coequalizer of the pair of maps 

The target of the shadow is the category i^ . This is the category of modules 
over the category with one object and with morphisms object I ^"V . K composition 
of maps similar to those used in jV-f induces the maps 0^,.® in Sy. 

The bicategory Mod of rings, bimodules, and homomorphisms is the bicategory 
jVtKh. The corresponding bicategory (^Ab is less familiar. We can think of the 0-cells 
in f§Ab as rings with many objects and the 1-cells as modules with many objects. 
For an enriched category the abelian group structure on the hom sets gives the 
"addition" and the category composition gives the "multiplication" . Similarly, we 
think of an enriched functor with target Ab as a module with many objects. The 
addition comes from the hom sets and the action of the category corresponds to 
the action of the ring. 

Let 1^, "% be symmetric monoidal categories and F : 1^ ^ "^ be a lax symmetric 
monoidal functor. For a category si enriched in 'f define a category F(si) enriched 
in "^ with the same objects as si and with morphisms defined by 

F{j^){a,a') ^F{s/{a,a')). 

Composition in F{s/) is defined by 

F{s/){a', a") «) F{s/){a, a') F{si{a, a")) 



F{s/{a\ a")) (g, F{s/{a, a')) — U F{s/{a', a") si{a, a')) 

Let Jtr be an ^-^-bimodule. Then F{^) is the F(£/)-i^(^)-bimodule defined 
by F{^){a, b) = F{.^{a, b)). The action of F{s/) and F{^) is given by 

F{s/){a, a') (g) F(^)(6, b') r{F{,^{a, b')), F{,^{a', b))) 



F{si{a, a') «) ^(6, b')) ^'"^ . i^(r( Jr'(a, b'), ,^{a', b))) 

Definition 9.2.3. Given a symmetric monoidal functor F: 'f ^ '^ define a 
lax functor of bicategories (oy — > <%- as follows. 

(i) The function ob<^r -^ ob<^* is given hy s/ t-^ F{s/). 

(a) The functor (S'r{s/, £§) -^ (S'i/{F{s/), F{S§)) is given by composition with 
F. 
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(Hi) The natural transformation (/)x,Y is induced by (f> via the composites 

F{^{a, b)) ® F{^{b, c)) ^ F{^{a, b) ® ^(6, c)) ^ i^( J" ^)(a, c). 
(iv) The natural transformation i/)^ is the identity id: tF{s^) — + F{t£/). 

Lemma 9.2.4. A lax functor (o^ — > f»V/ induced by a symmetric monoidal func- 
tor F : 'f ^ ^ is compatible with shadows. 



Proof. The natural transformations ■0,5-/: {F{S^))j 
the composites F.3t:{a, a) -> F{1[ 3^ {a', a')) -^ F{3^)). 



F{^} are induced by 

D 



Lax functors of bicategories give one way of comparing dual pairs, but as in 
Theorem 4.3.4, composites of dual pairs give another way. In this bicategory there 
is one example of a composite of dual pairs that is particularly relevant. 

Let $ : 'i' ^ jz/ be an enriched functor. If ^ is a .^-j2/-bimodule let ,^$ be 
the ^-<^-bimodule defined by ^^{b,c) = Jr'(6,$(c)). If ^ is an i^-^-bimodule 
let ,1,^ be the ^-.^-bimodule defined by <i.^(c,5) == ^($(c),6). In particular, $ 
can be used to define an ^-'i'-bimodule LV$ and a "^-^-bimodule $[/»/. These 
bimodules form a dual pair with coevaluation 

rj: U%' -^ $C/^ C/^$ 
induced by the functor $ and evaluation 

e: t/j^$ <^Us/ -^ Us/ 
which is composition in s/ . 

Lemma 9.2.5. Let "f be a symmetric monoidal category and .s/ , SS , and "^ be 
categories enriched in Y. Suppose '^ : ^^ —> s/ is an enriched functor and Sy is a 
^-'^-bimodule with dual W and coevaluation and evaluation maps 



Urn 



3C Q-S/ 



and 



^0 jr 



U'^- 



'^ then j2r$ is dualizable with dual U^/^ 



{ii 
(Hi 



(i) If $ has right adjoint ^ : £/ 
<3/. 

If "^ is also a left adjoint for $, then ^$ is dualizable with dual ■^'3/ . 
Suppose ^ is a both a left and right adjoint for $. Given a 2-cell 

f: ^0^^^0^ 

let f be the 2-cell 



^.^0^- 



Then 



^,^Q^ 



q,.9>^Q >t^ 



*^ £/«- ^"^-^^%^ ^U^ U^^ r. 



\*"^*/ 



*'■(/) 



((id 0Jj)) r^ 

U^y- ^{{^ $f7^ U^^j^^iU.^^ 0^0 ^U^} 



is the trace of f . 



9.3. INTERNAL AND TOPOLOGICAL BICATEGORIES 83 

In Lemma 6.4.1 we proved a special case of this result. The following corollary 
of Lemma 9.2.5 generalizes Lemma 6.4.1. 

Corollary 9.2.6. Let II be a connected groupoid enriched in Y and ^ : H ^ 
'f a right H-module. If ^ {x) is dualizable as a right II(x,x) -module in .jV-y for 
some X G n then j?r is dualizable in Sy. 

If ^ is a Il-Il-bimodule, f : 3^ -^ ^ Q ^ is a map of right modules, and 
fx ■ ^{x) -^ (^ ^)(x) the map f restricted to x <E obll, then tr(/) = tr(/a;). 

9.3. Internal and topological bicategories 

The bicategory S'f is particularly well adapted to examples where the symmet- 
ric monoidal category is abelian groups, modules over a commutative ring, or chain 
complexes of modules over a commutative ring. It works less well with the category 
of topological spaces. In particular, we would rather have a space of objects than 
just a set of objects. 

One way to resolve this is to replace enriched categories by internal categories. 
Unfortunately this change does not give the duality theory we used in Chapters 5 
and 7. The problem is that the base points are missing. In the next section we 
will define a bicategory that gives the duality of Chapters 5 and 7. The bicategory 
described in this section can be thought of as a transition between the bicategory of 
enriched categories, bimodules, and homomorphisms, and the bicategory of monoids 
in Section 9.4. 

We now require that "^ be a Cartesian monoidal category with unit object * 
and product x. This assumption is important since we will need to use puUbacks. 
li B ^ A and C ^ A are morphisms in i^, the object i? x^i C in '^ is the puUback 

B XaC ^B 



C *-A 

Definition 9.3.1. An internal category in "^^ is a pair of objects, A and ^, in 
"f and maps 



such that s o i = t o L = id. We also require a map [i: s^ y. a ■s^ ^ i-^ over Ay. A 
such that 



and 



.Si ~ Ay A -si ^ si Y A Si ^ S^ 



si ^ si ya a ^ si Ya s^ ^ si 



are the identity map of si and 

/ixid 

si YA-Si YASi 5- .si Y A si 

id x/^ M 

si yas/ z ^ si 

commutes. 
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In this definition wc use the convention that 

J2/ Xa ^ := {(a, a') e S!/ X £/\s{a) = t{a')} 

This is the convention used in Chapters 5 and 7. 

An internal category in y wiU be abbreviated £/. Think of A as the objects 
of the category and .s/ as the morphisnis. Then s and t are the source and target 
maps, L is the identity and fj, is composition. If Y is the category of topological 
spaces, and £/ is an internal category with a discrete object space A, the internal 
category jz/ is a category enriched in topological spaces. 

Definition 9.3.2. If ^ and £§ are two internal categories, an internal £/-£§- 
bimodule is an object ^ of Y, with maps pA- ■^ ^ A, pB ■ ^ ^ B m. Y , a, map 
KAi^XyiJ^T^^inl^ over A, and a map kb'- !^ Y-bSS -^ X over B which are 
unital and associative with respect to the maps /i and t of ^ and ^ and such that 

id XK 

•^x^-^^ -^ 

commutes. 

A 1-cell in S'f, a bimodule, is a collection of objects in y and ways of relating 
them. An internal bimodule is similar except all of the objects have been collected 
into a single object of f. 

Definition 9.3.3. Let JT be an jz/- ^-bimodule and ^ be a ^-"^-bimodule. 
Then ^ ^ is the ^- "^-bimodule defined by the coequalizer 

^ XB^XB^=i.Sr Xs^ ^^0^. 

id XK 

This is the product in a bicategory we will call ^7/. The 0-cells of ^r are 
internal categories and the 1-cells are internal bimodules. The 2-cells are called 
internal natural transformations and they arc similar to enriched natural transfor- 
mations. 

Definition 9.3.4. An internal natural transformation from an j2/-^-bimodule 
^ to an ^-^-bimodule ^ is a morphism / : ,^ — > ^ in "^^ over Ax B, such that 

^XA^^^ JT 

idx/ / 

and the corresponding diagram for the action by £i§ commute. 

The unit in this bicategory associates to an internal category £/ the bimodule 
(t X s)A: £/ -^ A X A. The required diagrams commute since corresponding dia- 
grams are part of the definition of a category. This gives a simple example of an 
jz/- ^-bimodule. 
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Definition 9.3.5. Let p x p' : !!^—*A x A be an ^-.gZ-bimodule. Define the 
shadow of j2°, {^% by the cocquafizer diagram 



£/ X 



AxA 



jT: 



KOJ 



:S:^Au 



wliere ^a.a and j^/ XaxA ^ arc the equalizers 



^A.. 



jT: 



^A 



and 



^ X 



AxA 



iT- 



txp 

-^^x iT — r^x^ 

sxp' 



The target of the shadow functor is the category 'Y . This category is the 
category of 7-J-bimodules. Let SK be an ^-j2/-bimodule and '¥ be an s^-!^- 
bimodule. The morphisms are induced by 

( jr x^ '¥)b,b ^ (^ xb jr)A,A ^ (^ JT)^,^ ^ ((^ ^)). 

9.4. Bicategory of bicategorical monoids 

In this section we generalize both the bicategory from Section 9.1 and the 
bicategory of monoids, bimodules, and maps in Ex and Ex^ from Chapters 5 and 7 
to any bicategory. 

Remark 9.4.1. There is one important difference between this section and 
Chapters 5, 6, 7, and 8. In Chapters 5, 6, 7, and 8 we used homotopy colimits. In 
this section we will use colimits. Despite this difference, many of the results in this 
section have analogues in Chapters 5, 6, 7, and 8. 

This bicategory includes many of the best features of the three previous exam- 
ples and additional elements that are necessary for topological applications. As we 
saw in Chapters 5 and 7 this bicategory eliminates the need to choose base points 
but retains the structure necessary to define topological duality. 

In this section y^ is a bicategory with bicategory composition Kl. The hom 
categories of W must have all coequalizers. 



Definition 9.4.2. Let A be a 0-ceU in W . A monoid in 
W{A, A) with 2-cells 



is a 1-cell si e 



Ua 



^s/ 



and 



which are unital and associative. That is, 



£/ =Ua^^ ■ 



-^ i^\ 



and 



si = sil 
are the identity map of si and 



\Ua 



idE 



-^si\ 



si^si - 


S-. 


si- 


s- 


si 


s^- 


> 


si 



si 



si^si\ 



\si ^ si\ 



\si 



■si 
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commutes. We call t the unit and fi the composition. 

The simplest example of a monoid is the 1-cell Ua for a 0-cell A in W. The 
unit map is the identity and the composition is the unit isomorphism. 

Definition 9.4.3. Let £/ and ^ be monoids in W. An £/-^-bimodule in W 
is a 1-eell ^ eW{B,A) and two 2-ceUs 

ka: £/^^ -> .^ 

and 

Kb: ^^^-^ .Sr 

that are unital and associative with respect to the monoid structure of £/ and £!§. 
We also require that the actions ka and kb commute. 

Any 1-cell X in W{B, A) is a C/y^-t^B-bimodule. The monoids Ua and Ub act 
by the unit isomorphisms. Any monoid j^/ is an ^-^-bimodule with the left and 
right actions given by fj,. 

By neglect of structure an ^-.^-bimodule ^ is also a left ^-module or a right 
^-module. Let L^ be the monoid ^ regarded as an ^-t/s-bimodule with left 
action given by k and right action the unit isomorphism. Let R^Sf be the monoid 
^ regarded as a C/A-^^-bimodule with left action the unit isomorphism and right 
action k. 

Definition 9.4.4. Let £/ and ^ be monoids and 3^ and ^ be ^-^-bimodules. 
A map of himodules is a 2-cell f : S^ ^ '3^ such that 

K 

and the corresponding diagram for -SS commute in W{B, A). 

Definition 9.4.5. Let ^, .S§, and "^ be monoids, JT be an ^/-^-bimodule, 
and ^ be a ^-"^-bimodule. Then JT ^ is the £/-<^-bimodule defined by the 
coequalizer 

^Bi^a^ — r jrag^ — ^ jr©^ 

in W{C, A). The left jz/ action is induced by the left action of ^ on ,^ . The right 
"^ action is induced by the right action of "^ on ^. 

If ^ is the monoid Ub then ^ © ^ = ^ K ^. 

This defines a bicategory ^y^ with 0-cells monoids in W , 1-cells bimodules in 
#', and 2-cells maps of bimodules. The unit for a monoid ^ is given by regarding 
that monoid as a bimodule over itself. The bicategory composition is 0. 

In the bicategory ^y^ we have some very simple examples of dualizable objects 
given by the monoids of W . 

Proposition 9.4.6. For a monoid s^^ , {R{Us/),L(U^)) is a dual pair. 

Proof. Let N{Ui^) be s/ regarded as a C/A-C/4-bimodule. Then the unit map 

i: Ua^N{U^) 
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is a map of f/A-C/yi-bimodulcs. The associativity diagram for the composition fi 
imphes that 

is a map of ^-^-bimodules. The unit conditions imply the composites 

t0id 



R{U^) ^UaQ R{U^) 



N{U^) R{U^) 



■ RiU^) 



L{U^) ^ L(U^) Ua ^^^ L{U^) N{U.^) -^^ L{U^) 

are identity maps. 

The coevaluation map 

V-Ua^ N{U.^) ^ R{U.^) L{U.^) 

is the unit. The evaluation map 

e: L{U^) R{U^) ^ L{U.^) M R{U^) -^ U^ 

is the composition. The diagrams demonstrating that this is a dual pair commute 
by the unit and associativity conditions of the monoid. 



tOid 




i(M 



N{U^) R{U^) 
s0id 
R{U^) L(Uw) R{U^) 

Lia^) NiU^) 

id0S 

U^ Ul{j^) ^-^ L{U^) R{U^) L{U^) 



D 



Lemma 9.4.7. Suppose W is a bicategory with shadows [[—]] and chosen 0-cell 
I. If W is a bicategory with shadows and W{I,I) has all coequalizers then ^if is 
a bicategory with shadows. 

Proof. Then the chosen 0-cell of ^y^ is the monoid Ui. The shadows of ^^r, 
((—)), are defined by the coequalizers 

[K K ^]] ^^ WW — -((^)) 

The composite 

[[3C m ^]] ^ [[^ m 3t:]] -^ {{^ ^]] -^ {^ ^)) 

induces a map 

[[^0r]]^((^0 JT)). 
This map induces the isomorphisms 9<g^j^. D 

Note that the shadows constructed in Section 9.1 are of this form. A symmetric 
monoidal category 1^ is a bicategory with a single 0-cell and the identity functor 
defines shadows for this bicategory. The shadows constructed in Chapter 5 for the 
bicategory ^ex are also of this form. The chosen 0-cell in Ex is the 1-point space 
and the functors [[— ]] are riA*. 
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Lemma 9.4.8. Let W and '^ he bicategories. A lax functor F : W ^ ^ of 
bicategories defines a lax functor ^f '■ ^lf —^ ^f/ ■ 

If the shadows of ^y^ are defined as in Lemma 9.4-7 and F is compatible with 
shadows then ^p is compatible with shadows. 

Proof. The functor ^p takes a monoid £/ to the monoid F^/ with unit 

UpA -^ F{Ua) -^ F^ 

and composition 

F-s^ M F£/ -> F{£/ B ^) -> F£/. 
An iZ-^-bimodule ^ is taken to the Fi/-i^^-bimodule F^ with actions 

F^ K FS" -^ F{£/ M^)^ F^ 

F^ MF.^^ F{3C mSS)^ FS^ 
The map FS" Kl F'3/ -^ F(^ Kl 'W) induces a map 

F^ F^ ^ F( jr ^). 

If shadows in ^n/ are defined from the shadows of W and F is compatible with 
shadows, .J/^p is compatible with shadows. The maps((F^))— > F((^}) are induced 
by the corresponding maps 

{{F^W ^ F{{^\\. 
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projection, 7 
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universal, 12 
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unreduced fiberwise suspension, 14, 69 
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V-dualizable, 62 



Index of Notation 



(-)*, 40 /;, 13 

{-)!, 40 /,, 1, 51, 57 

[-,-]b,70 Fi, 10 

Kl, 23, 39, 62 Fix, 10 

A, 7, 24, 62 ] IK, 60 
0, 18, 24, 27, 43, 78, 80, 84, 86 

®, 3, 77 7, 3, 77 

X, 83 ^h 14 

xs,7 7^:, 10 

A, 46 G^y., 62 
<, 29 



>, 29 
Vs, 7 
A^, 18 

{-,-}s, 15,41 
*, 83 



H, 19, 63 
/, 3, 77 

J(F,), 10 

I, 46, 77, 83, 85 

J^-v, 84 

K, 77, 84, 86 



(B, A)+, 40 

B{-,PM,-), 24 ^44 

B{-,7r, -), 18 j] g 

^(-f'-)'43 A/M,67 

■^'2^ AfM,52 

C{-,VM), 24 -'^(Z)- 1 

C(-,vr), 20 

C(-,£/), 49 

C, 56 

'^, 3 



M+, 6 
Mod, 29 
^Ex, 43 



ci. 57 M/if, 59 

Ch,33 ^°^«'3 

72 f^' '^'^' S3, 85 

Ch^, 3 ^:r, 86 

a{-;Q), 58 AT, 10, 14, 44 

D, 73 ^B- 69 

!/, 4, 6 

e, 3 i^s, 65 

e/{-), 3 ^r, 78 
r;, 3 

^r, 80 P. 63 

Ex, 28 P'7 

Exs,61 p|m, 67 

PsM, 64 

^, 8 P-'^M, 25, 52 

/, 37 ?iA, 28 

/, 21, 25, 52, 67 4>x,Y, 28 

91 



92 INDEX OF NOTATION 

vr, 19 r, 77 

n-f'M, 51 

{nM,s)+,i6 ^'85 

({(^iM/K)^», 59 ^/^l' 

n^- 47 ^^; 82 

o^nM, 47 

TT-*, 20 ,5^, 82 

VM, 23, 48 

t^A, 34 C, 10 

ZnM, 55 

R^ 44 ZnM(-,x), 56 

r/i4 ZnM(x, -), 56 

R^'s, 13 I({ttiM'I'1 11 
^!7,ol9^ 57 

rs, 69 
RS'-", 11 
i?f^"°, 60 
R'^'3<'°, 51 
p, 19 
R'^*P!', 53 
R^*™, 67 
R^M', 15 
i?f W', 73 

5, 73 

(T, 7 

s, 23, 46 

50,15 

Sb, 14 

((-», 10-12, 20, 24, 33, 49, 57, 59, 78, 81, 85 

a-, 69 

f , 69 

CT+, 69 

.S'' 41 

Sm, 69 

5lf,65 

[5"], 1 

[5"]k,2 

S"", 19, 41 

5*5", 24 

S^, 62 

.T, 12 
i, 23, 46 
T, 54 
rs, 73 
e, 33, 49, 78 
Tm,b, 72 
7m^*S^,65 
Tms*S'', 46, 48 
T;/, 6 
Top/B, 68 
Top*/_B, 68 
T-K*u, 19 
Tms''S", 24 

f/A,27 



Bibliography 



[1] Adams, J. F. Prerequisites (on equivariant stable homotopy) for Carlsson's lecture. Algebraic 

topology, Aarhus 1982, 483-532, Lecture Notes in Math., 1051, Springer, Berlin, 1984. 
[2] Armstrong, Mark Anthony. Basic topology. Undergraduate Texts in Mathematics. Springcr- 

Vcrlag, New York-Berlin, 1983. 
[3] Biss, Daniel K. The topological fundamental group and generalized covering spaces. Topology 

Appl. 124 (2002), no. 3, 355-371. 
[4] Brown, Robert F. The Lefschctz fixed point theorem. Scott, Foresman and Co., Glcnvicw, 

m.-London, 1971. 
[5] Brown, Robert F. On a homotopy converse to the Lefschctz fixed point theorem. Pacific J. 

Math. 17 1966, 407-411. 
[6] Brown, Robert F. The Nielsen number of a fibre map. Ann. of Math. (2) 85 1967 483-493. 
[7] Brown, Robert F.; Fadell, Edward R. Corrections to: "The Nielsen number of a fibre map". 

Ann. of Math. (2) 95 (1972), 365-367. 
[8] Cardona, Fernanda S. P.; Wong, Peter N.-S. The relative Reidemeister numbers of fiber map 

pairs. Topol. Methods NonUnear Anal. 21 (2003), no. 1, 131-145. 
[9] Citterio, Maurizio G. The Reidemeister number as a homotopy equalizer. Rend. Mat. Appl. 

(7) 18 (1998), no. 1, 87-101. 
[10] Coufal, Vesta. A base-point-free definition of the Lefschetz invariant. Fixed Point Theory and 

AppUcations. Volume 2006, Article ID 34143, Pages 1-20. 
[11] Coufal, Vesta. "A Family Version of Lefschetz-Nielsen Fixed Point Theory" Ph.D. diss. Uni- 
versity of Notre Dame, 2004. 
[12] Crabb, Michael; James, loan. Fibrewise homotopy theory. Springer Monographs in Mathe- 
matics. Springer- Verlag London, Ltd., London, 1998. 
[13] torn Dicck, Tammo. Transformation groups, de Gruyter Studies in Mathematics, 8. Walter 

de Gruyter & Co., Berlin, 1987. 
[14] Dimovski, Donco. One-parameter fixed point indices. Pacific J. Math. 164 (1994), no. 2, 

263-297. 
[15] Dimovski, Donco; Geoghegan, Ross. One-parameter fixed point theory. Forum Math. 2 (1990), 

no. 2, 125-154. 
[16] Dold, Albrecht; Puppe, Dieter. Duality, trace, and transfer. Proceedings of the International 

Conference on Geometric Topology (Warsaw, 1978), pp. 81-102, Warsaw, 1980. 
[17] Dold, Albrecht. Lectures on algebraic topology. Classics in Mathematics. Springer- Verlag, 

Berlin, 1995. 
[18] Dold, Albrecht. Fixed point index and fixed point theorem for Euclidean neighborhood re- 
tracts. Topology 4 (1965), 1-8. 
[19] Dold, Albrecht. The fixed point index of fibre-preserving maps. Invent. Math. 25 (1974), 

281-297. 
[20] Dold, Albrecht. The fixed point transfer of fibre-preserving maps. Math. Z. 148 (1976), no. 

3, 215-244. 
[21] Fadell, Edward; Husseini, Sufian. Fixed point theory for non-simply-connectcd manifolds. 

Topology 20 (1981), no. 1, 53-92. 
[22] Fadell, E.; Husseini, S. A fixed point theory for fiber-preserving maps. Fixed point theory 

(Sherbrooke, Que., 1980), pp. 49-72, Lecture Notes in Math., 886, Springer, Berlin-New York, 

1981. 
[23] Ferrario, Davide. Generalized Lefschetz numbers of pushout maps. Topology Appl. 68 (1996), 

no. 1, 67-81. 



93 



94 BIBLIOGRAPHY 

[24] Fcrrario, Davide L. A fixed point index for cquivariant maps. Topol. Methods Nonlinear Anal. 

13 (1999), no. 2, 313-340. 
[25] Geoghegan, Ross. Nielsen fixed point theory. Handbook of geometric topology, 499—521, 

North-Holland, Amsterdam, 2002. 
[26] Geoghegan, Ross; Nicas, Andrew. Parametrized Lefschetz-Nielscn fixed point theory and 

Hochschild homology traces. Amer. J. Math. 116 (1994), no. 2, 397-446. 
[27] Hall, I. M. The generahzed Whitney sum. Quart. J. Math. Oxford Ser. (2) 16 1965 360-384. 
[28] Hatcher, Allan; Quinn, Frank. Bordism Invariants of Intersections of Submanifolds. Mathe- 
matical Surveys and Monographs, 63. American Mathematical Society, Providence, RI, 1974. 
[29] Hatcher, Allen. Algebraic topology. Cambridge University Press, Cambridge, 2002. 
[30] Heath, Philip R. Product formulae for Nielsen numbers of fibre maps. Pacific J. Math. 117 

(1985), no. 2, 267-289. 
[31] Heath, Philip R.; Kcppelmann, Ed.; Wong, Peter N.-S. Addition formulae for Nielsen numbers 

and for Nielsen type numbers of fibre preserving maps. Topology Appl. 67 (1995), no. 2, 133— 

157. 
[32] Husseini, S. Y. Generalized Lefschetz numbers. Trans. Amer. Math. Soc. 272 (1982), no. 1, 

247-274. 
[33] Jezierski, Jerzy; Marzantovficz, Waclaw. Homotopy methods in topological fixed and periodic 

points theory. Topological Fixed Point Theory and Its Applications, 3. Springer, Dordrecht, 

2006. 
[34] Jiang, Bo Ju. Fixed points and braids. II. Math. Ann. 272 (1985), no. 2, 249-256. 
[35] Jiang, Bo Ju. Lectures on Nielsen fixed point theory. Contemporary Mathematics, 14. Amer- 
ican Mathematical Society, Providence, R.I., 1983. 
[36] Kelly, Gregory Maxwell. Basic concepts of enriched category theory. London Mathematical 

Society Lecture Note Series, 64. Cambridge University Press, Cambridge-New York, 1982. 
[37] Klein, John R.; Williams, E. Bruce. Homotopical intersection theory. I. Geom. Topol. 11 

(2007), 939-977. 
[38] Klein, John R., Williams, E. Bruce. Homotopical Intersection Theory, II, preprint, available 

at arXiv:0803.0017vl [math. AT]. 
[39] Lee, Catherine. A minimum fixed point theorem for smooth fiber preserving maps. Proc. 

Amer. Math. Soc. 135 (2007), no. 5, 1547-1549 (electronic). 
[40] Leinster, Tom. Basic Bicategories, preprint, available at arXiv:math/9810017vl [math.CT]. 
[41] Lewis, L. G., Jr.; May, J. P.; Steinberger, M.; McClure, J. E. Equivariant stable homotopy 

theory. With contributions by J. E. McClure. Lecture Notes in Mathematics, 1213. Springer- 

Verlag, Berlin, 1986. 
[42] Mac Lane, Saunders. Categories for the working mathematician. Second edition. Graduate 

Texts in Mathematics, 5. Springer- Verlag, New York, 1998. 
[43] May, J. Peter. Simplicial objects in algebraic topology. Reprint of the 1967 original. Chicago 

Lectures in Mathematics. University of Chicago Press, Chicago, IL, 1992. 
[44] May, J. Peter. Classifying spaces and fibrations. Mem. Amer. Math. Soc. 1 (1975), 1, no. 155. 
[45] May, J. P. appendix to: Rosenberg, Jonathan; Weinberger, Shmuel. An cquivariant Novikov 

conjecture. With an appendix by J. P. May. iiT-Theory 4 (1990), no. 1, 29-53. 
[46] May, J. P. Picard groups, Grothcndieck rings, and Burnsidc rings of categories. Adv. Math. 

163 (2001), no. 1, 1-16. 
[47] May, J. P. The additivity of traces in triangulated categories. Adv. Math. 163 (2001), no. 1, 

34-73. 
[48] May, J. P.; Sigurdsson, J. Parametrized homotopy theory. Mathematical Surveys and Mono- 
graphs, 132. American Mathematical Society, Providence, RI, 2006. 
[49] Nicas, Andrew. Trace and duality in symmetric monoidal categories. ii'-Theory 35 (2005), 

no. 3-4, 273-339. 
[50] Norton-Odenthal, Brigitte. "A product formula for the generalized Lefschetz number" Ph.D. 

diss. University of Wisconsin, Madison, 1991. 
[51] Pareigis, Bodo. Non-additive ring and module theory. I. General theory of monoids. Publica- 

tiones Mathematicae Debrecen 24 (1977), no. 1-2, 189-204. 
[52] Pareigis, B. Non-additive ring and module theory. II. C-categories, C-functors and C- 

morphisms. Publicationes Mathematicae Debrecen 24 (1977), no. 3-4, 351—361. 
[53] Pareigis, B. Non-additive Ring and Module Theory. V. Projective and coflat objects. Algebra 

Berichte 40, Verlag UNI-Druck - Verlag R. Fischer Mnchen 1980. 



BIBLIOGRAPHY 95 

[54] Ponto, Kate; Shulman, Michael. Shadows and traces in bicategorics, in preparation. 

[55] Ranicki, Andrew. The algebraic theory of surgery. II. Applications to topology. Proc. London 

Math. Soc. (3) 40 (1980), no. 2, 193-283. 
[56] Reidemeister, Kurt. Automorphismen von Hoinotopiekettenringen. Math. Ann. 112 (1936), 

no. 1, 586-593. 
[57] Schwede, Stefan; Shipley, Brooke E. Algebras and modules in rnonoidal model categories. 

Proc. London Math. Soc. (3) 80 (2000), no. 2, 491-511. 
[58] Scofield, Jeremy Lynn. "Nielsen Fixed Point Theory for fiber-preserving maps" Ph.D. diss. 

University of Wisconsin, Madison, 1985. 
[59] Shi, Gen-hua. On least number of fixed points and Nielsen numbers. Chinese Math. Acta 8 

(1966) 234-243. 
[60] Shulman, Michael. Homotopy limits and colimits and enriched homotopy theory, preprint, 

available at arXiv;math/0610194v2. 
[61] Shulman, Michael. Framed Bicategorics and Monoidal Fibrations, preprint, available at 

arXiv:math/0706.1286vl. 
[62] Stallings, John. Centerless groups — an algebraic formulation of Gottlieb's theorem. Topology 

4 (1965), 129-134. 
[63] Str0m, Arne. The homotopy category is a homotopy category. Arch. Math. (Basel) 23 (1972), 

435-441. 
[64] Weber, Julia. The Universal Functorial Equivariant Lcfschetz Invariant. K-Theory (2005) 

36:169-207. 
[65] Weber, Julia. Equivariant Nielsen invariants for discrete groups. Pacific J. Math. 231 (2007), 

no. 1, 239-256. 
[66] Wecken, Franz. Fixpunktklassen. II. Homotopieinvarianten dcr Fixpunkttheorie. Math. Ann. 

118, (1941). 216-234. 
[67] Wecken, Franz. Fixpunktklassen. III. Mindestzahlen von Fixpunkten. Math. Ann. 118, (1942). 

544-577. 
[68] Wong, Peter. Equivariant Nielsen fixed point theory for G-maps. Pacific J. Math. 150 (1991), 

no. 1, 179-200. 



